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ABSTRACT

This paper focuses on the stability and convergence analysis of a neuro-identification scheme for uncertain
nonlinear systems. Based on linearly parameterized neural networks and the previous knowledge of upper
bounds for the approximation error and disturbances, a robust modification of the descent gradient
algorithm is proposed to make the overall identification process stable, and, in addition, the on-line
residual prediction error asymptotically null, despite the presence of approximation error and
disturbances. A simulation study to show the application and comparative performance of the proposed
algorithmis presented.
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1. INTRODUCTION

System neuro-identification is important not only to predict the behavior of the system, but also
for providing an appealing system parameterization, which can later be used in the synthesis of
control algorithms, since mathematical characterization is often a prerequisite to observer and
controller design, seefor instance [1-10] and the references therein.

Neural identification models usually employed are the dynamic ones, being their weights mainly
adjusted using gradient and backpropagation agorithms or their robust modifications [3-10].
Most used robust modifications in neuro-identification are the o, switching-o, &, parameter
projection, and dead zone [3-10] which avoid the parameter drift. Neverthdess, these
modifications, at present, can not ensure that the prediction error converges asymptoticaly to zero
in the presence of approximation error and bounded disturbances.

For instance in [3], the identification of a genera class of uncertain continuous-time dynamical

systems was proposed, and a o -modification adaptive law for the weights of recurrent high-order
neural networks (RHONNS) was chosen to ensure that the state error converges to the
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neighborhood of the origin, which can be arbitrarily reduced by setting a sufficiently large
number of high-order connectionsin the RHONN model.

In [4], dynamic NNs with a gradient descent algorithm for weights adjustment were used to
identify a general class of uncertain nonlinear systems. Under the crucial assumption that the
unknown system can be exactly modeled by a NN model, that is, the disturbance and
approximation errors are identicaly null, it was shown that the state error converges
asymptotically to zero, whereas the weight errors remain bounded or, in case that the hidden-layer
activation function signal is persistently exciting, the weight errors converge to zero.

Similarly, aso others relevant works, such as [5-10], showed that the dead zone, modified
6 —rule, and &, -modification and others robust modifications can be used in weight adjustment

laws to make the entire identification process stable in the presence of approximation error and
disturbances.

Although the assumption of free disturbance may be interesting from a theoretica point of view,
from a practical perspective it is a restrictive assumption since the presence of approximation
errors are, in general, unavoidable, since the structure of the unknown system and the neural
model are unrelated. It iswell-known that adaptive laws designed for the disturbance or modeling
error free case may suffer from parameter drift [11]. In fact, this lack of robustness in adaptive
systems in the presence of unmodeled dynamics or bounded disturbances was reported in the
early 1980s. Several robust modifications to counteract this[11] have been proposed since then.

Hence, in this paper we propose a robust modification for the weight adaptive law in neuro-
identification problems which ensures, in contrast to previous works, that the residual prediction
error converges to zero in the presence of approximation error and disturbances, provided that
some conditions on the design parameters are satisfied. The adaptive law consists of a leskage
modification of a standard gradient descent algorithm. However, in contrast to commonly leakage
modifications [3-10] which am a stability in the presence of approximation errors and
disturbances, we introduce the leakage term here for, in addition to stability, ensuring that the
residua prediction error converges to zero. More precisely, it is show by using usua Lyapunov
arguments and an adaptive bounding technique [12] that the residual prediction error converges
asymptotically to zero, whereas the others error signals remain bounded.

Throughout the paper tr(J denotes the trace operator, A,;,(J) denotes the minimum eigenvalue
operator, |{i denotes the 2-norm and |[ffl. denotes the Frobenius norm.

2. LINEARLY PARAMETERIZED NEURAL NETWORKS

Linearly parameterized neura networks (LPNNSs) can be expressed mathematically as
pW.¢) =Wz (¢) (2)

where WOO™ , ¢00%, 7z:0% 0% isthe so-called basis function vector, which can be
considered as a nonlinear vector function whose arguments are preprocessed by a scalar function

#(J), and n,L,,L, are integers strictly positive. Commonly used scalar functions 7(() include

sigmoid, tanh, gaussian, Hardy’s, inverse Hardy’s multiquadratic, etc [3,13]. However, here we

are only interested in the class of LPNNs for which ”([)] is bounded, since in this case we have,
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being 7z, astrictly positive constant.

The class of LPNNs considered in this work includes HONN [3], RBF networks [13], wavelet
networks [14], and also others linearly parameterized approximators as Takagi-Sugeno fuzzy
systems[15]. Universal approximation resultsin [3,13,14,15] indicate that:

Property 1: Given aconstant ¢, >0 and acontinuous function f : Q+— 0", where Q O 0% isa

compact set, there exists a weight matrix W =W" such that the output of the neural network
architecture (where L, may depend on &, and f ) satisfies

supgm‘f(é’)—wmﬂ(é’)‘ggo ©)

where |[C denotes the absolute value if the argument is a scalar. If the argument is a vector

functionin 0" then |[denotes any normin 0.

3. PROBLEM FORMULATION

Consider the following nonlinear differential equation
x=F(x,u,v,t), x(0)=x, 4

where x[O X isthe n-dimensiona state vector, uJU isamdimensional admissible input vector,
vV O0O% is avector of time varying uncertain variables and F: X xU xV ><[0,oo)|—> 0" isa
continuous map. In order to have a well-posed problem, we assume that X,U,V are compact
sets and F is localy Lipschitzian with respect to x in X xU xV ><[0,oo), such that (4) has a
unique solution.

We assume that the following can be established

Assumption 1. Onaregion X xU xV X[O,oo)

I (x,u,v.t)]< hg ©)
where
h(x,u,v,t)=F(x,u,v,t)- f(x,u) (6)

f isan unknown map, h areinternal or externa disturbances, and ﬁo such that ﬁo >h,20,isa
known constant.

Hence, except for the Assumption 1, we say that F(x,u,v,t) isan unknown map and our amisto
design a NNs-based identifier for (4) to ensure the asymptotical state error convergence, that is,
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the state error converges asymptotically to zero, which will be accomplished despite the presence
of approximation error and disturbances.

4. | DENTIFICATION MODEL AND STATE ESTIMATE ERROR EQUATION

We gtart by presenting the identification model and the definition of the relevant errors associated
with the problem.

Let f be the best known approximation of f, BOO™" ascaling matrix defined as B = diag(b,),
b 20, g=Bg, and g(x,u)= f(x,u)- f(x,u). Then, by adding and subtracting f (x,u), (4) can
be rewritten as

x= f(x,u)+ Bg(x,u)+ h(x,u,vt) 7

Remark 1: It should be noted that if the designer has no previous knowledge of f, then f is
simply assumed as being the zero vector.

From (3), by using LPNNs, the nonlinear mapping g(x,u) can be replaced by W"z(x,u) plusan
approximation error term g(x,u). More exactly, (7) becomes

x = f(x,u)+ BW “z(x,u) + Be(x,u) + h(x,u,v,t) (8)
where WO O™ is an “optimal” or ideal matrix, which can be defined as

H .
W “:= arg min Tsup ‘g(x,u) —Wﬂ(X,U)‘

waor 0x,
ou

(9)

I

with I :MI |”\/§/Hs aw}, o, isadtrictly positive constant, W is an estimate of W, and &(x,u)
is an approximation error term, corresponding to W, which can be defined as

g(x,u):= g(x,u)-w "z (x,u) (10)
The approximation, reconstruction, or modeling error & is a quantity that arises due to the

incapacity of LPNNs to match the unknown map g(x,u). Since X, U are compact sets and from
(2), the following can be established

Assumption 2: Onaregion X xU , the approximation error is upper bounded by
||£(X,u)||s £ (11)

where &,, suchthat &, >&, =0, isan known constant.
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Remark 2: Assumption 1 is usua in identification or robust control literature. Assumption 2 is
quite natural since g is continuous and their arguments evolve on compact sets. The previous

knowledge of upper bounds for approximation error and disturbancesis common in the robust on-
line parameter estimation literature. For instance, the dead zone algorithm uses a previous
knowledge of bounds for the approximation errors, as can be seen in [5,6], or disturbances, as
reported in [11].

Remark 3: Note that any 7, >7z,, h, >h,, and &, >¢, aso satisfy (2), (5), and (11). Hence, to
avoid confusion, we define 7z, hy, and &, to be the smalest constants such that (2), (5), and
(11) are satisfied.

Remark 4: It should be noted that W" and &(x,u) might be nonunique. However, [e(x,u)| is
unique from (9).

Remark 5: It should be noted that W" was defined as being the value of W that minimizes the
L, - norm difference between g(x,u) and Wr(x,u). Hence, the scaling matrix B in (7) is

introduced to manipulate the magnitude of g(x,u), and therefore of ”\NDHF , since any increasing

of |b| implies that the corresponding |g; (x,u)| decreases and, eventualy, from (9), that ”\ND”F

decreases too. The matrix B provides an additional degree of freedom for shaping the transient
performance.

Remark 6: Notice that the proposed neuro-identification scheme is a black-box methodology,
hence the external disturbances and approximation error are related. Based on the system input
and state measurements, the uncertain system (including the disturbances) is parameterized by a
neural network model plus an approximation error term. However, the parameterization (8) is
motivated by the fact that neura networks are not adequate for approximating external
disturbances, since the basis function depends on the input and states, whereas the disturbances
depend on the time and externa variables. The aim for presenting the uncertain system in the
form (8), where the disturbance h is explicitly considered, is aso to highlight that the proposed
scheme is in addition valid in the presence of unexpected changes in the systems dynamics that
can emerge, for instance, due to environment change, aging of equipment or faults.

The structure (8) suggests an identification model of the form

%= f(x,u)+BWz(x,u)- L(% - x) (12)

where X isthe estimated state, LOO™" is a positive definite feedback gain matrix introduced to
attenuate the effect of the nonzero uncertainties and the initial condition x,. It will be
demonstrated that the identification model (12) used in conjunction with a convenient adjustment

law for W , to be proposed in the next section, ensures the asymptotic convergence of the state
error to zero, even in the presence of the approximation error and disturbances.

Remark 7: It should be noted that in our formulation, the LPNN is only required to approximate
B‘l[f(x,u)— f (x,u)] (whose magnitude is often small) instead of the entire function

B'l[f (x,u)]. Hence, standard identification methods (to obtain some previous f) can be used
together with the proposed algorithm to improve performance.
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By defining the state estimation error as X:=X-x, from (8) and (12), we obtain the state
estimation error equation

X = -LX + BVV;r(x,u)—Bg(x,u)—h(x,u,v,t) (13
where W :=W -W".
5. ADAPTIVE LAWSAND STABILITY ANALYSIS

Once the identification model and the relevant error equations associated with the problem of
estimation were presented, the following step is the design of adaptive laws for the weights to
achieve desired stability and convergence properties. Typicaly, in the literature [3-10], this is
performed based on Lyapunov-like analysis via an enlargement process, where the error equation
previously determined is used. Therefore, suitable weight adaptive laws are chosen to make V , a
time derivative of a Lyapunov function candidate V , negative semi-definite outside a ball whose
radius is proportiona to the worst-case of approximation error. However, this procedure ensures
only practica stability. In this section we remove the aforementioned drawback by using dynamic
leakage gain to make the Lyapunov derivative negative semi-definite in all error space. This
choice is motivated by the fact that dynamic leakage gains can be considered as bounding
functions and then can be used to dominate positive terms in V. and hence improve the
performance. Dynamic leakage gains have been used previoudy in [16].

Before presenting the main theorem, we state a fact, remark and lemma, which will be used in the
stability analysis.

nxL

Fact 1: Let W™ W, W,WDOO™ and COO™" be adiagonal matrix suchthat C'C =C , where
C =diag(c,), ¢, >0. Then, with the definition of W =W -W", the following equalities are true:

27" i -wo = oW + e -wo)[. ~Jetw-w
210w = I+ 2 = - (14)

Remark 8: Thefirst equality in (14) leads to the following inequality:

2r M’TCMI _\NO)]2 Cimin M/“i *Cimin M _WOH'Z: = Cimax "\ND _W0||'2: (15)

where ¢, =max(c,) and ¢, =min(c,).

imin

Lemma 5.1: Let ascaar bounding function be given by

i = =7, IR e = o P+ el - 2 (16)

where
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I(‘/;"//D):l/;il(:ym (17

and 7,,,lg,a;,a,," >0. Then, subject to the condition

i7(0)z 5" (18)
— dal,+ z
where 6 = %IZHWOL , the bounding function is lower bounded, for al t=>0, by
Cqlg
w(t)zop" (19)

Proof: Consider the Lyapunov-like function
V, =V 7, )2 (20)

By taking the derivative of (20) aong (16) we obtain

. . “ ~ 112 O
V,, = =R gpent i - o A, + el 2w @

Furthermore, based on (16) and (18) it follows that y}(t)>0 for dl t=0. Then, with the
definition (17), the Lyapunov derivative (21) can be lower bounded as

V, 2 20,1y [R|lv - 5y 7 (22)

Hence, if 7 <5y" wehave V, 20, which impliesthat the bounding function is directed towards

the outside or boundary of the region {:/7 |1/7 < 51,//5} . Consequently, based on (18), it follows
that v >S5y foral t=0.

We now state and prove the main theorem of the paper.

Theorem 5.1: Consider the class of general nonlinear systems described by (4), which satisfies
Assumptions 1-2. Let the weight law be given by

W ==y f2c v - v )W - (1 - a,0 W |[%| + B X2 T (x,0)} (23)

where i isgiven by (16), , >0, | isanidentity matrix, K =P" + P, P isthe unique positive
definite solution of the Lyapunov equation

L'P+PL=Q (24)

where L >0 and Q >0. Then, subject to the condition (18), and if
41
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yo - 20’40[||1K|i‘ I (25)
¢, < i (26)
W, 0Q, (27)
1, 0[5, .] (28)
Where

=t | olow)s ol =B g, = VoMl

oy =8 +|B7Y o 5 = 2in(Q) (29)
the error signals X,W,i are uniformly bounded and lim, _, X(t)=0.

Proof: Consider the Lyapunov function candidate

V =KX +r (W W) 2+ 747 2 (30)
where 7 =7 -,

By evauating (30) along the trgjectories of (13), (16) and (23), and using the representation
tr (\/VT BKX7z' ) =X"KBW , we obtain

V=-%"(L"P+PL)X - XK (Bz + h)
- 27|t W W |- 2,7 R e (7w @)
= 2eql x| + a, @W"i +Wo2 @7"?" + 200l y Y[
By using Fact 1, the representation 2y =2 +y? - y/Dz, and (24), the Lyapunov derivative can
be written as
V =-X"QX - X"KBl¢ + Bh)
7% @évvni +[ctw —wo}ﬁ ~[ctwe-w ) §+ 20,7 |R]tr W W ) 32)

~ a2+ =y R+ oW 7R + 20w K|

Furthermore, by using Remark 8, condition (27), Lemma 5.1, and notation (29), the Lyapunov
derivative (32) can be upper bounded as
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V <[[%] G %] + e KB,
- i - @
— @7 +? -y ﬁ+ oW —WO"F 7 + 20 W%;E
Further using (26) and rearranging terms, we obtain
V < |]] 8 R~ V] - 7
+ 0 [KBJ, + a7 -V (34)

—aﬂﬁ}z —1//D2 ﬁ+ 20| ‘//DK;E

By employ the definition of ", see (25), recalling that 7 =y — ", and using Lemma 5.1, (34)

reducesto
V < /] 5 R = W = el 7
+ ﬁ)(llo/z-'-cimax"\/\/D _WO|||2: @; _Cimaxl//D"\ND _W0||'2: (35)

—ayl p+ al l//D2 + 20| '//D'/-;S

which, by using (17), implies

V R - s ]] = V]
+ §9‘1|o/2"'(:imax"wD _Wo"i @’; _Cimax'//D"WD _Wo"i (36)

200l 0
-V + 4a,|
l/7+!// L4 /‘// E

Thus by using Lemma 5.1 and rearranging termsin (36), we finally obtain
~2
W,
_ g: 2 4‘11 )2 H
14 'maX"W ||F 2”\/\10" @37
- V;a_l://l//D @0 - ﬁo/z + Cimax"vvD _W0||F /a1%

52 W] fefy

v£||i||%a3||i||—cimin&
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It addition, we note from (28) that

R 2
N (4a| ) I 2
el b o -

By substituting (38) into (37), and using Lemma5.1, we arrive at
; ~112
V < —a,|%] (39)

Hence, the error signds X,W, w are uniformly bounded. Further, since V is bounded from below
and non increasing with time, we have

t
im, ., [[%(e)" dr < vo-v. (40)
0 3

where lim, ,V(t)=V,, <. Notice that with the bounds on X,W, 7, and h, |X|” is uniformly

continuous. Thus from (13), it follows that X is bounded. Hence by Barbalat's lemma [11], we
concludethat lim, , X(t)=0.

Remark 9: Conditions (18), (24), and (26) aretrivia since them are defined by the user according
to adesired performance. Condition (25) implies the previous knowledge of upper bounds for the
approximation error and disturbances. Conditions (27) and (28) require at least that the sign of
some entry of W" and bounds for the ideal weights are known. The previous knowledge of
bounds for the modeling error and ideal weights is not peculiar to the proposed scheme. Most
robust modifications in the literature, as for example, switching- o, parameter projection, and
dead-zone require a priori information on the plant or modeling error for ensuring stability, as
reported in [3,5,6,11]. Despite the aforementioned drawback, the relevance of the proposed
algorithm consist in the introduction of a new robust modification and the establishment of
conditions, on the design parameters, for which the residua prediction error converges to zero,
even in the presence of approximation error and disturbances.

Remark 10: There is at least one way of selecting the design parameters to satisfy the interval
condition (28): by selecting a conservative |W,|_ (large enough) and, in the sequence, by

adjusting "\/\ID—WOHF (small enough), what can be achieved by appropriate selection of the

scaling matrix B.
6. SMULATIONS

To illustrate the application of the proposed scheme, we consider an engine model operating
under idle[17,18] described by

P.:kp(maj_mao) (41)

-T)) (42)
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where

iy = [+ k8 + k0?9 (P),
M, =—K,gN =K ,P + K. sNP +k_<NP?,

0 1 P < 50.6625
9(P) =0} 01074101.325P ~ P2 P>50,6625'

T, =-39.22 + 325024m,, - 0.011252 + 0.6355
+(27/60)(0.0216 + 0.0006755)N - (277/60)?0.000102N?,

T, =(N /263177 +T,, m,, =r, (t—z)/(120N), k, =42.40, k, =54.26, k,, =0.907,
k., =0.0998, k. =0.0005968, k., =0.1336, k, 5 =0.0005341, k., =0.000001757,
P isthe manifold pressure (kPa),

N is engine speed (rpm),

o isthe spark advance (degrees),

0 isthethrottle angle (degrees),

m, isthe massflow rate into the manifold,
m,, isthe massflow rate out of the manifold and into the cylinder,
T, aredisturbances which act on the engine as unmeasured accessory torque (N-m)

T

istheinternally developed torque (N.m),

T, istheload torque made up of accessory torque T, and shaft torque (N.m),
g(P) isamanifold pressure influence function,

m,, istheair massin the cylinder, and

7 isadynamic transport time delay,
The meaning of the main variables of the model is shownin Fig. 1 ([18]).

Figure 1- The main engine subsystem.

45



International Journal of Artificial Intelligence & Applications (IJAIA), Vol.3, No.4, July 2012

Since the engine operation is highly nonlinear system, because it presents time delays that vary
inversely with engine speed and is time-varying due to aging of components and environment
changes such as engine warm-up after a cold star [17], and their dynamical equations entail a
great deal of uncertainty [18], the neural parameterization of the engine is relevant and useful.
The neural model is valid for any operation points, in contrast to others models derived from
steady-state map data and other empirical information.

We define x=[P N|', u=[6 5], and select, as in [19], 6 as being a square wave with
amplitude 20°, frequency 0.25 rad/s, § as a sine wave with amplitude 30°, frequency 0.5 rad/s,
T, asasawtooth wave with amplitude 10 N.m, frequency 0.5 rad/s, 7 =0, and x(0)=[10 500]" .

It should be noted that system (41)-(42) is only used for generation of state trgjectory, which is
used in the implementation of the algorithm.

To identify the uncertain system (41)-(42) the proposed identification model (12) and the adaptive
laws (16) and (23) were implemented. The initial eigenvalues of the gain matrix L were freely
chosen since the system dynamic is not accessible. The basis function vector was chosen to be
very smple, to evauate the performance of the proposed method in the presence of severa
approximation errors. Hence, a conservative bound «, was selected. In the sequence, by a tria

and error procedure, the others design parameters were adjusted for providing an adequate
transient and residual state error performance. The design parameter were chosen as

a, =353553, %(0)=-[5 5", W(0)=0, y(0)=5v", v"=20,1,=05, f=0,
L=201, B=1, K =000.1l W0=El 00 OE r=[s(x) s(x) s(u) s{u,)]

ET T 1 0 oF 2 S0 A
s(=10/[1+ exp- 0.5(0], 1y =7, =1, C=1001 , &y =1, and @, = 75. (43)

Notice that the design parameters in (43) satisfy the conditions (18) and (26). It is supposed that
condition (25) is satisfied when " = 20. Another arbitrary large upper bound can be obtained by
reducing the entries of K and, correspondingly, for shaping the transient performance, by
increasing the entries of L. Hence, condition (25) ismild, since «, can be arbitrarily enlarged by
reducing K, as already mentioned.

Based on (43), condition (28) becomes
0.025|W"-W,| <0.05 (44)

It should be noted that others large upper and small lower bounds for (44) can be obtained by
adjusting the design parameters.

The performance in the estimation of the manifold pressure and engine speed are shown in
Figures 2-3. We can see that the simulations confirm the theoretical results, that is, the algorithm
is stable and the residual state error is small. Figure 4 shows the behavior of the weights, where a
logarithmic scaleis used for thetime axis.
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Figure 2- Performance in the estimation of P.
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Figure 3- Performance in the estimation of N.
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Figure 4- Frobenius norm of the estimated weights.

In Figures 5-6, we compare the performance and robustness, in the presence of uncertainties, of
the proposed algorithm and that in [19]. These figures illustrate several points. 1) the proposed
algorithm exhibit robustness in the presence of uncertainties, 2) concerning the residual

estimation state error, the proposed agorithm presents good performance, and 3) it is not
necessary to use arbitrary high gains to obtain arbitrary small residual estimation state errors, as

can be seen from the design parameters (43).

manifold press error (kPa)

— — — -algorithm in [19]
proposed algorithm

Figure 5- Performance comparison in the estimation of P.



International Journal of Artificial Intelligence & Applications (IJAIA), Vol.3, No.4, July 2012
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Figure 6- Performance comparison in the estimation of N.

7. CONCLUSIONS

In this work, by using Lyapunov-like analysis, we have proved that a robust modification based
on a dynamic leskage gain can aso ensure residua state error convergence to zero in neuro-
identification algorithms, even in the presence of approximation error and disturbances. The
proposed agorithm is based on a dynamic &;-modification and relies on the previous knowledge
of upper bounds for the ideal weight, approximation error and disturbances to ensure asymptotic
convergence. Although these bounds are usually unknown in practice, the proposed scheme has
stability properties similar to others robust modification since it is based on a g;-modification.
However, in contrast to previous works, the proposed agorithm has better convergence
properties, since it can aso guarantee asymptotic convergence even in the presence of
approximation error and disturbances, if some conditions on the design parameters are verified.
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