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ABSTRACT

In this paper, we give lower and upper bounds on the covering radius of codes over the ring Z,with respect
to chinese euclidean distance. We also determine the covering radius of various Repetition codes, Simplex
codes Type a and Type S and give bounds on the covering radius for MacDonald codes of both types over
Za.
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1 INTRODUCTION

In the last decade, there are many researchers doing research on code over finite rings. In
particular, codes over Z, received much attention [1, 2, 3, 7, 9, 13, 14]. The covering radius of
binary linear codes were studied [4, 5]. Recently the covering radius of codes over Z, has been
investigated with respect to chinese euclidean distances [10]. In 1999, Sole et al gave many upper
and lower bounds on the covering radius of a code over Z, with chinese euclidean distances. In
[12], the covering radius of some particular codes over Z, have been investigated. In this
correspondence, we consider the ring Z,. In this paper, we investigate the covering radius of the
Simplex codes of both types and MacDonald codes and repetition codes over Z,. We also
generalized some of the known bounds in [1].

A linear code C of length n over Z, is an additive subgroup of ZE . An element of C is called a
codeword of C and a generator matrix of C is a matrix whose rows generate C. In [10], the

C 271X
chinese Euclidean weight wee(x) of a vector x is Z {2 —2cos( 2 ' )}
i1

A linear Gray map ¢ from Z, —>Z§ is defined by ¢(x + 2y) = (y, x +y), for all x + 2y € Z,. The

image ¢(C), of a linear code C over Z, of length n by the Gray map, is a binary code of length 2n
with same cardinality [13].
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Any linear code C over Z, is equivalent to a code with generator matrix G of the form

c_|% A B P
|0 21, 2D (1)

where A, B and D are matrices over Z,. Then the code C contain all code words [vo, Vi ]G, where
Vo is a vector of length k; over Z, and v, is a vector of length k, over Z,. Thus C contains a total

of 4k12k2 codewords. The parameters of C are given [n, g2k , d] where d represents the
minimum chinese Euclidean distance of C.

A linear code C over Z, of length n, 2-dimension k, minimum chinese euclidean distance dce is
called an [n, k, dcg] or simply an [n, k] code.

In this paper, we define the covering radius of codes over Z, with respect to chinese euclidean
distance and in particular study the covering radius of Simplex codes of type o and type B namely,
Sf and Sf and their MacDonald codes and repetition codes over Z,. Section 2 contains basic

results for the covering radius of codes over Z,. Section 3 determines the covering radius of
different types of repetition codes. Section 4 determines the covering radius of Simplex codes and
finally section 5 determines the bounds on the covering radius of MacDonald codes.

2 Covering Radius of Codes

Let d be a chinese euclidean distance. The covering radius of a code C over Z, with respect to
chinese euclidean distance d is given by

1,(C) = max{min{d(c,u) }{

ZE ceC

The following result of Mattson [4] is useful for computing covering radius of codes over rings
generalized easily from codes over finite fields.

Proposition 2. 5. (Mattson) If C, and C; are codes over Z, generated by matrices G, and G,

0 G
respectively and if C is the code generated by G = [G—'ﬂthen e (C)<rg(Co) +r4(Cy)
0

and the covering radius of D (concatenation of Cy and C; ) satisfy the following ry (D) >14( Co ) +
rq( Cy), for all distances d over Z,.

3 COVERING RADIUS OF REPETITION CODES

A g-ary repetition code C over a finite field Fq= {0o=0,01=1, a2, 03, . . ., 0g1 } isan [n, 1, n]
code C = {;405 qu}, where @ = (@, -+, ). The covering radius of C is P(q_ﬂ

q
[11]. Using this, it can be seen easily that the covering radius of block of size n repetition code

[n(g-1),1,n(g-1)]  generated by G_[ " " . . } ic

11--- Aoy, - - gy -+ g - X Dy 4~ "

2
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[n(q ,1)7 since it will be equivalent to a repetition code of length (q — 1)n.
q

Consider the repetition code over Z4. There are two types of them of length n viz. unit repetition

n

code Cg. [n, 1, 2n] generated by G, =[11---1] and zero divisor repetition code C,: (n, 2, 4n)

generated by G, =[22--.-2]. The following result determines the covering radius with respect to
chinese euclidean distance.

Theorem 3. 1. {gJ <r.(C.)y<2n ad r(C,)=2n.

HH

f_/%f_/ﬁ .
Proof. Let x = 22.--200---0e Z}. The code C, = {a(22---2) |a e 2]} that is C,

{00....0, 22....2}, generated by [22...2] is an [n,1,2n] code. Then, dce(x,00....0)

i -

Wtee(22---200---0—00---0) = 4 > and deg(x,22....2) =
B
55 2Am A n . n n
Wice(22---200---0—22---2)=4 5| Therefore dce(x,c ) = min {4(5—‘ , A{EJ }.
Thus, by definition of covering radius ree(c ) > 4L2J (3.1

Let x be any word in Z 2 . Let us take x has wg coordinates as 0’s, m;coordinates as 1’s,
m,coordinates as 2’s, o3 coordinates as 3’s, then g+ 014,02+ M3 = N. Since ca={00....0,22...2}
and chinese euclidean weight of Z,: 0is 0, 1 and 3 is 2 and 2 is 4, we have dce(x,00...0) =n — my
+ o1+ 3 0y @3 and dee(x,22...2)=n—m, + ®1 + 3 g+ O3 .

ThustE(X,Ca)=min{ N—mo+ o +3 wyons, n—032+(01+3(1)0+0)3}.
dee (X, Cy) <nt++n=2n (3.2)

Hence, from the Equation (3.1) and (3.2), we get {%J <r..(C.)<2n - Now, we find the

covering radius of Cg covering with respect to the chinese euclidean weight. We have
dce(x,00...0) =n — g + ®1 + 3 @+ ©3 dee(X,11...1) =n — ®; + ®g t®2:3 ©3 dce(x,22...2) = n —
®y +3 1 To3 and dCE(X, 333) =n-— o3 + 3m; Tmg: ®, for any X e Zz . This Implles dCE (X,
CB) = min{n—mo+m1+3 M2+ M3, n— o + oy +we3 03 N — +3 o +(03,n—(,03+30\)1 +Wo+
o}< 2n and hence ree(Cp) <2n . To show that ree(Cg) =2n, let
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t t t n—3t
x=00---011:--122---233---3€ Z  , where t :EJ, then  dee(x,00...0)=2n,

dee(x,11...1)=4n-8t, dce(x,22...2)=2n and dee(x,33....3)=8t.

Therefore rce(Cg) >min{2n,4n-8t,8t} >2n.

. . ) ) .. 3
To determine the covering radius of Z, three blocks each of size n repetition code BRep " [3n,

1, 8n] generated by G =[ 11.--122---233.--3 ] note that the code has constant chinese euclidean
. . 3

weight 8n and the block repetition code BRep " {co=(0...0 0....0 0.....0), ¢;=(1....12....2

3...3),¢~2...20...02....2),¢c5=(3....32...2 1.....1)}. Thus x=11 ---1€& Zf” , we have dce

n n
(x, BRep " ) = 4{; J + 4N. Hence by definition, ree (BRep " ) > 4LEJ +4nN. To find
the upper Let x = (ulvjw) € an with u, v and w have compositions (ro, r1, r2, r3), (So, S1 , S2,

3 3 3
s3) and (to, t1, to, t3 ) respectively such that Z = n,z S; =N and Zti =N, then dce
i=0 i=0 i=0
(X, Co) =3n—r1g +ri+ 3 ry +r3— Sg + $1+3 S +S3— tp +i+ 3 tr+H; dCE (X, C1 ) =3n —rq +r0+r2+ 3 r3
— S +350+31+S30 — 3+t 3t1+t2 , dCE (X, Cg) =3n— V) +r1+3r0+r3 — So +Sl+3 S+S3 — 1o +3t0+t1+t3

3
and dce (X, €3 ) = 3n— r3 +3 rl+r0+r2 —s,+3s¢+S;+S3 —ty+3t:+to+t, . Thus dee (X, BRep " ) =

min{3n — 1o +r+ 31y +r3— Sg + §;+3 Sy +S3— 1y +i;+ 3 t+ts , 3n — 1y +r0+r2+ 3 r3 — s, +350+51+53;
- 13 i+ 3t1+tzv 3n— 1y +ri+3rgtrs — sp +51+3 Sy+S3 — by +3t0+t1+t31 3n— r3 +3 r1+r0+r2
—S,+3S0+5;+53 —t1+3t3+Hy+t, . Thus we have the following theorem

3
Theorem 3. 2. 4LEJ 4+ 4n < e (BRep ™) <6n.
2

2
One can also define a Z, block (two blocks each of size n) repetition code Brep " [2n, 1, 4n]

generated by o _ [lﬁl?f _172?‘_ - 2} . We have following theorem

3
Theorem 3. 3. 4LDJ 4+ 2n < ree (BRep ™ ) <4n
2

Block code BRep ™ can be generalized to a block repetition code (two blocks of size m and n
respectively) BRep e [m + n, 1, min{4m, 3m + 3n}] generated by G z{ll...lzz...z}

Theorem 3.3 can be easily generalized for different length using similar arguments to the
following.

Theorem 3. 4. 2m+ 4LEJ < ree (BRep ) <2m+2n
2
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4 SIMPLEX CODES OF TYPE A AND TYPE g OVER 2,

Quaternary simplex codes of type a and type S have been recently studied in [2]. Type o

Simplex code Sf is a linear code over Z, with parameters [4k] and an inductive generator
matrix given by

G — [00...0|11...1|22...2|33..3} (4.1)
“ lLealen e [,

with Gf =[01 2 3]. Type simplex code S'f is a punctured version of S? with parameters [2*
(2% - 1), k] and an inductive generator matrix given by

or |11 1 1/0]2 42)
271lo 1 2 3l1la

and for k>2 G/ :[11'0;'” oo-ﬂ--o | ZZ'A'ZJ (4.3)
kal | kal | kal

where G ff,l is the generator matrix of S f,l . For details the reader is refered to [2]. Type a code
with minimum chinese euclidean weight is 8.

Theorem 4.1. ree (Sy ) <213,

Proof. Letx=11.....1 € Z,'. By equation 4.1, the result of Mattson for finite rings and using

Theorem 3. 2, we get
22(k-1) 22(k-1) 22(k-1)
—— —

ree (ST ) < ree(SEq )+ ree(<11---122-..2 33.--35)
= ree (8¢, )+ 6.2%Y
— 6.22(k_1) + 6.22(k_2) + 6.22(k_3)+,,,”+ 6.22'1 +re (S]U_! )

ree Sk ) < 2%°%-3(since ree (S; )=5)

Theorem 4. 2. re (Sf y<2X(2-1)-7

Proof. By equation 4. 3, Proposition 2. 5 and Theorem 3. 4, we get
4D o(2k-3) _o(k-2)
——

rCE(Sf) < rcE(Sf_l ¥ ree(< 11--41 22---2 )

= TIce (S 'kB_l )+ 2(2k-2) + 2(2k'3) _ 2(k-2)
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< 2 o(2k-2) 4 o(k-4) 4 +24)+2(2(2k-3)+ o(2k-8)y 4 23)_

226242694 42)+ree(SY)

ree (S7 ) < 251 (2%-1) - 7(since ree (S7)=5).

5 MACDONALD CODES CODESOF TYPE A AND p OVER 2,

The g-ary MacDonald code Mk,t(q) over the finite field F;, is a unique

[qk —da’ k, gkt — qtlJ code in which every non-zero codeword has weight either qk—1
q—1

or qk’l - qt’1 [8]. In[11], he studied the covering radius of MacDonald codes over a finite field.

In fact, he has given many exact values for smaller dimension. In [6], authors have defined the
MacDonald codes over a ring using the generator matrices of simplex codes. For 2 < t <k -1,

let Glfft be the matrix obtained from G by deleting columns corresponding to the columns of
Gta . That is,

[24 (24 O
G =[ G \G_ta ] (5.1)

and let G,ft be the matrix obtained from G/ by deleting columns corresponding to the columns
of Gtﬂ . That is,

0]
Glft:[Gf\F ] (5.2)

t

where [A \ B ] denotes the matrix obtained from the matrix A by deleting the columns of the
matrix B and 0 is a(k - t) x 2% ((k - t) x 2'"* (2'- 1)). The code generated by the matrix G, is

called code of type a and the code generated by the matrix Gf . 1S called Macdonald code of type
B. The type a code is denoted by M f‘,t and the type /3 code is denoted by M (ft .The M |fft
code is [4%-4'k] code over Z, and M ,ff ¢ is a [(2“"-2")(2*+2"-1),Kk] code over Z, In fact, these

codes are punctured code of S, and S,;B respectively.

Next Theorem gives a basic bound on the covering radius of above Macdonald codes.

Theorem 5. 1.
ree (M) <227 22" 4 i (M) fort< r< K,

Proof. By Proposition 2.1 and Theorem 3.2,

22(k-1) 22(k-1) 22(k-1)
—N— —

ree (M f‘t ) < ree(<11--122---2 33---35) 41 (M?‘t )
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=6.4" (M7, ) for k>r >t

<64t +6.4"? +....+6.4" +r..(M7) fork =1

>t

ree My ) <2222 r e (MY ), for k > 1 >t .
Theorem 5. 2.
ree((MF) <242 —D)+2"(1—2")+ 1 (M/) fort< r< k.

Proof. Using Proposition 2.1 and Theorem 3.4, we have

02(k-1)  2(k-D-1_p(k-D)-1
—

rCE(MIf},t) < ree(< 11.--1 22.--2 >)+ rCE(Mk’B—l,t)
< 2.0k rg D2k o)1y - (M f—lt)

_ 2.22(k-1)+2.22(k-l)—1_22(k-1)—l+2.22(k—2)+2.22(k—2)-1_2.22(k-2)—1+ rCE (M kﬂ,zyt)
< 2.22(k-1)+2.22(k-l)-1_22(k-1)-l+2.22(k-2)+2.22(k-2)-1_2.22(k-2)-1+' L+

2.2°42.2242.2 4 1. (M7)
= 2% 7 250 1 (M rﬂt) ,t<r< k.

e(MZ) <24@“1)+2'1-2)+ 1 (Mf}) , t< r< k.
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