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ABSTRACT 

 
This work considers the multi-objective optimization problem constrained by a system of bipolar fuzzy 

relational equations with max-product composition. An integer optimization based technique for order of 

preference by similarity to the ideal solution is proposed for solving such a problem. Some critical features 

associated with the feasible domain and optimal solutions of the bipolar max-Tp equation constrained 

optimization problem are studied. An illustrative example verifying the idea of this paper is included. This 

is the first attempt to study the bipolar max-T equation constrained multi-objective optimization problems 

from an integer programming viewpoint. 
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1. INTRODUCTION 
 

Fuzzy relational equations have played an important role in many applications of fuzzy sets and 

systems [10], [18]. Sanchez was the first to study fuzzy relational equations in terms of max-min 

composition for simulating cause and effect connections in medical diagnosis problems [19]. 

Since then, fuzzy relational equations based on various compositions, e.g., max-min, max-

product, and max-Łukasiewicz t-norm compositions have been investigated and applied 

extensively[15], [16], [17]. The resolution of a system of fuzzy relational equations with max-T 

composition is to determine the unknown vector x for a given coefficient matrix A and a right 

hand side vector b such that Aox = b; where "o " stands for the specific max-T composition with 

T being a continuous triangular norm. The set of all solutions, when it is non-empty, is a finitely 

generated root system which can be fully determined by a unique maximum solution and a finite 

number of minimal solutions [10]. For a finite system of fuzzy relational equations with max-T 

composition, its consistency can be verified by constructing and checking a potential maximum 

solution. However, the detection of all minimal solutions is closely related to the set covering 

problem and remains a challenging problem. Overviews of fuzzy relational equations and their 

applications can be found in [10] and [18].  

 



International Journal on Soft Computing (IJSC) Vol.7, No. 4, November 2016 

12 

The system of bipolar fuzzy relational equations with max-T composition has been considered as 

a generalization of the system of fuzzy relational equations, which can be expressed in the matrix 

form as 

 

            

 

   (1)

            
  

  

 

 

The system of bipolar max-TM equations and the associated linear optimization problem with 

a potential application of product public awareness in revenue management were first 

introduced by Freson et al. [2]. It was shown that the solution set of a system of bipolar max-

TM equations, whenever nonempty, can be characterized by a finite set of maximal and 

minimal solution pairs. However, as indicated by Li and Jin [12], determining the consistency 

of a system of bipolar max- TM equations is NP-complete. Consequently, solving the bipolar 

max- TM equation constrained linear optimization problem is inevitably NP-hard. Recently 

Li and Liu [11] showed that the problem of minimizing an linear objective function subject to 

a system of bipolar max-TL equations can be reduced to a 0-1 integer programming problem 

in polynomial time. 
 

Motivated by the recent research, this work considers the bipolar max-Tp equation 

constrained multi-objective optimization problem which can be expressed as 

 

                                                              (2) 
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Multi-objective decision making (MODM) techniques have attracted a great deal of interest due 

to their adaptability to real-life decision making problems. Wang [21] firstly explored the fuzzy 

multi-objective linear programming subject to max-t norm composition fuzzy relation equations 

for medical applications. Guu et al. [3] proposed a two-phase method to solve a multiple 

objective optimization problem under a max-Archimedean t-norm fuzzy relational equation 

constraint. Loetamonphong et al. [14] provided a genetic algorithm to find the Pareto optimal 

solutions for a nonlinear multi-objective optimization problem with fuzzy relation equation 

constraints. Khorram and Zarei [9] considered a multiple objective optimization model subject to 

a system of fuzzy relation equations with max-average composition. It is well known that many 

decision making problems have multiple objectives which cannot be optimized simultaneously 

due to the inherent incommensurability and conflict among these objectives. Thus, making a trade 

off between these objectives becomes a major subject of finding the “best compromise” solution. 

 

Numerous MODM models have been proposed in the literature for reaching the best compromise 

between conflicting objectives [5], [6], [20]. The technique for order of preference by similarity 

to ideal solution (TOPSIS) method introduced by Hwang and Yoon [6] is a well-known MODM 

approach. It provides the principle of compromise saying that the chosen solution should have 

“the shortest distance from the positive ideal solution” and “the farthest distance from the 

negative ideal solution.” A wide variety of TOPSIS applications has been reported in the 

literature. Abo-Sinna and Abou-El-Enien [1] applied TOPSIS to large-scale multiple objective 

programming problems involving fuzzy parameters. Jadidi et al. [7] extended the version of the 

TOPSIS method proposed in [1] to solve the multi-objective supplier selection problem under 

price breaks using multi-objective mixed integer linear programming. Lin and Yeh [13] 

considered solving stochastic computer network optimization problems by employing the 

TOPSIS and genetic algorithms. Khalili-Damghani et al. [8] used a TOPSIS method to confine 

the objective dimension space of real-life large-scale multi-objective multi-period project 

selection problems. 
 

In this paper the basic principle of compromise of TOPSIS is applied for solving the bipolar max-

Tp equation constrained multi-objective optimization problem. It shows that such a problem can 

be reformulated into a 0-1 integer program and then solved taking advantage of well developed 

techniques in integer optimization. The rest of this paper is organized as follows. In Section 2, the 

compromise solution approach for solving the bipolar max-Tp equation constrained multi-

objective optimization problem (2) is presented. Some critical features associated with 

the feasible domain and optimal solutions of the bipolar max-Tp equation constrained 

optimization problem are studied in Section 3. A numerical example is included in 

Section 4 to illustrate the integer optimization based compromise solution procedure. 

This paper is concluded in Section 5. 
 

2. A COMPROMISE SOLUTION APPROACH 
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In the implementation of TOPSIS for solving the bipolar max-Tp equation constrained multi-

objective optimization problem (2), we face the challenge of solving the bipolar max- Tp equation 

constrained optimization problems (3), (4), (6) or (7). Some important properties associated with 

the feasible domain and optimal solutions of the the bipolar max- Tp equation constrained 

optimization problem are studied in Section 3. An integer optimization based technique is 

applied to reformulated the bipolar max- Tp equation constrained optimization problem 

into a 0-1 integer programming problem. 
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3. BIPOLAR MAX-Tp EQUATION CONSTRAINED OPTIMIZA-

TION PROBLEMS 
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Based on the similar argument in [11], we have the following result. 
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Based on the above discussion, an integer programming based TOPSIS algorithm for 

finding the compromise solution of the bipolar max-Tp equation constrained multi-

objective opti-mization problem (2) can be organized as below. 
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4. A NUMERICAL EXAMPLE 
 

In this section, a numerical example is provided to illustrate the proposed integer 

programming based TOPSIS for solving the system of bipolar max-Tp equation 

constrained multi-objective optimization problem. 
 

Example 1 Consider the bipolar max-Tp equation constrained multi-objective 

optimization problem. 

 

 

 

Applying the basic principle of compromise of TOPSIS, problem (11) can be reduced to 

the following bipolar max-Tp equation constrained optimization problem: 

 

 

Consider the bipolar max-Tp equation constrained optimization problem (16): 

 

 
The lower and upper bounds can be calculated as 

 

Respectively, and its characteristic matrix is 

 



International Journal on Soft Computing (IJSC) Vol.7, No. 4, November 2016 

21 

 

 

Subsequently, the two 0-1 characteristic matrices can be constructed, respectively, as 

 

 

 

According to Lemma 4, the constrained bipolar max-Tp equation constrained optimization 

problem (16) is equivalent to the problem: 
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5. CONCLUSIONS 
 

This paper studies the compromise solution to the bipolar max-Tp equation constrained multi-

objective optimization problem. Some important properties associated with the bipolar max-Tp 

equation constrained optimization problem are studied. Since the feasible domain of the bipolar 

max-Tp equation constrained optimization problem is non-convex, traditional mathe-matical 

programming techniques may have difficulty in yielding efficient solutions for such an 

optimization problem. An integer optimization based TOPSIS is proposed to reformulated the 

bipolar max-Tp equation constrained optimization problem into a 0-1 integer programming 

problem. Such optimization problems can be practically solved using a commercial solver, e.g. 

CPLEX. Taking advantage of the well developed techniques in integer optimization, it is 

expected that wider applications of the proposed method for solving the bipolar max-T equation 

constrained multi-objective optimization problems are foreseeable in the future. 
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