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ABSTRACT 

 
In this paper, we proposed a novel efficient method of analyzing the ergodic channel capacity of the 

cooperative amplify-and-forward (CAF) relay system. This is accomplished by employing a very tight 

approximate moment generating function (MGF) of end-to-end signal-to-noise ratio of 2-hop multi-relay 

system, which is In this paper, we proposed a novel efficient method of analyzing the ergodic channel 

capacity of the cooperative amplify-and-forward (CAF) relay system. This is accomplished by employing a 

very tight approximate moment applicable to myriad of fading environments including mixed and 

composite fading channels. Three distinct adaptive source transmission policies were considered in our 

analysis namely: (i) constant power with optimal rate adaptation (ORA); (ii) optimal joint power and rate 

adaptation (OPRA); and (iii) fixed rate with truncated channel inversion (TCIFR). The proposed frame 

work based on the novel approximate MGF method is sufficiently general to encapsulate all types of fading 

environments (especially for the analysis of the mixed fading case)and provides significant advantage to 

model wireless system for mixed and composite fading channel. In addition to simplifying computation 

complexity of ergodic capacity for CAF relaying schemes treated in literature, we also derive closed form 

expressions for the above three adaptive source transmission policies under Nakagami-m fading with i.n.d 

statistics. The accuracy of our proposed method has been validated with existing MGF expressions that are 

readily available for specific fading environments in terms of bounds, and via Monte Carlo simulations. 
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1. INTRODUCTION 
 
The ever increasing growth in wireless communication services is placing a huge demand for 

higher data rate, improved network performance and reliability. Several attempts have been made 

on each of these improvement areas in the literature. One of the earlier contributions is the 

diversity reception technique, in which multiple reception of transmitted signal over a period of 

time are combined together to achieve higher received signal-to-noise-ratio and thus improve the 

system reliability [1]. Another one is the link adaptation, which is also a very powerful wireless 
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communication technique for improving the spectral utilization efficiency. Here, the signaling 

rate, transmit power, coding rate, constellation size, packet length and so on are “matched” with 

the prevailing channel conditions, based on the acquired channel side information on the feedback 

path [2].  If the parameters in the link adaptation belong to different layers in the open system 

interconnection (OSI) model, then the link adaptation technique is widely regarded as cross-layer 

design. In the recent times, another major breakthrough in the wireless communication system is 

the multi-input multiple-output (MIMO), where the transmission diversity has been introduced to 

improve both the data rate (multiple access application) and reduce transmission error 

performance (diversity system application). However, the implementation of MIMO techniques 

in small mobile devices has been greatly limited due to the need to install multiple transmit 

antenna elements on these small factor devices. More so, most of the existing mobile devices 

already in use have single antenna and therefore, it would be a daunting task to replace all these 

devices.  

 

However, this limitation of MIMO implementation on small factor devices has lead to the 

development of a new communication paradigm known as cooperative relay communication. 

This novel system takes advantage of the inherent broadcast nature of the wireless transmissions 

channel to deliver transmitted signal (from a single antenna source) to the destination node (could 

possess multiple receiver antenna) with the aid of one or more relay nodes to harness a new form 

of spatial diversity and to combat deleterious effect of multipath fading [3]. Therefore, 

cooperative communication serves as an alternative to conventional MIMO space diversity 

technique, as it requires only a single transmit antenna in all communicating nodes, while 

achieving similar diversity gain as the MIMO system. More so, it is readily implementable on 

existing mobile handheld devices or wireless sensors. In fact, cooperative diversity is sometimes 

also referred to as a “distributed MIMO” and it has been shown to provide additional reliability to 

the wireless system [3]-[4].  

 

In  cooperative wireless relay networks, an intermediate relay (i.e., node) may either amplify, 

what it receives in case of amplify-and-forward relaying protocol or digitally decodes, and re-

encodes the source information, in case of decode-and-forward relaying protocol before re-

transmitting it to the destination node [3]. In this paper, we focus on the amplify-and-forward 

relaying protocol, because it does not require “sophisticated” transceivers at the relays (although 

our flexible framework is also applicable for digital relaying scheme, once the moment generating 

function is found or available). While this protocol can achieve a full diversity using a virtual 

antenna array on each relay nodes, there is a loss of spectral efficiency due to its inherent half-

duplex operation. But this penalty could be “recovered” by combining the cooperative diversity 

with a link adaptation mechanism; wherein the power level, coding rate, constellation size or 

other transmission parameters are adapted autonomously in response to varying channel 

conditions. The resulting link adaptive cooperative relay networks could significantly improve the 

range, rate and reliability of a long-haul inter-cluster communication, thereby improving platform 

endurance with enhanced low probability of intercept (LPI) and/or low probability of detection 

(LPD) capability, without using an antenna array. Furthermore, this integration of cooperative 

wireless communications and link adaptation could be of benefit to the emerging IEEE 802.16 

wireless networks (i.e., the current IEEE 802.16e systems employ adaptive modulation, while the 

emerging IEEE 802.16j standard specifies the use of cooperative diversity in its multi-hop relay 

architecture). 

 

Although there has been extensive prior research on performance analyses of the adaptive 

transmission technique for the classical (non-cooperative) wireless networks and the non-adaptive 
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cooperative diversity systems, the art of adaptive link layer in cooperative wireless networks is 

still in its infancy, especially when optimized in a cross-layer design paradigm. For instance, the 

authors in [2] considered the evaluation of the ergodic capacity of non-cooperative single channel 

system over fading with different adaptive source transmission schemes; and based on the 

availability of the channel side information at either the transmitter and/or the receiver. In [5], the 

author extended this framework to diversity system operating in correlated Rice fading with 

maximal ratio combining at the destination; yet the considered system is non-cooperative. Also, 

there have been some contributions on the performance analyses of adaptive transmission on the 

system capacity of cooperative relay communications. The majority of these literature are limited 

to unrealistic fading environment (e.g. Rayleigh fading), and fixed signalling rate and/or constant 

transmit power for all communication nodes. These articles also did not show clearly how the link 

adaptation (e.g., distributed power control) could be performed with limited channel-side 

information (CSI), and what are the benefits of jointly optimizing the upper layer protocols with 

an adaptable physical (PHY) layer? For instance,[6]-[8] have studied the capacity bounds for 

three-node wireless relay networks in Rayleigh fading environments, but the source rate 

adaptation [2] was not considered. In [11], the authors studied adaptive transmission for two-hop 

(regenerative and non-regenerative) relay network (but without the direct source-destination link) 

in the Rayleigh fading channel. Authors in [12] investigated the channel capacity of SSC diversity 

in ɳ-µ and k-µ fading environments, where as in [13] considered the performance of adaptive 

modulation under generalized selection combining. 

 

However, it is much more realistic to model the channel gain of each link in a network as a Rice 

or Nakagami-m random variable, due to the increased likelihood of the presence of a strong 

specular component in an airborne platform. It has been shown in the literature that the evaluation 

of the moment generating function (MGF), probability density function (PDF) and the cumulative 

distribution function (CDF) of harmonic mean of two-hop relayed path is a daunting task with 

existing results, limited to the Rayleigh fading [12] and the Nakagami-m [13] fading channel with 

integer m and even in such cases the expressions are too complicated; and not useful for system 

level analysis. However, it has been shown in [14] that the harmonic mean SNR, ( )HM

i
γ  in (1) can 

effectively approximate
i

γ especially at medium and high SNR. Also, in this case the MGF 

expressions are still difficult to obtain with existing results limited to the Raleigh fading [15] and 

i.i.d. Nakagami-m [14] channels. Due to this limitation, bounds have been developed for two hop-

relayed paths. The authors in [16] derived bounds for the ergodic capacity analysis of a link-

adaptive cooperative non-regenerative relay system with limited channel side information (CSI). 

However, their analysis is limited to the Rayleigh fading. Moreover, motivated by [16], the 

authors in [17] extended the work of conventional cooperative-diversity networks in [16] to relay-

selection based cooperative diversity networks with adaptive source transmissions. Yet, their 

analysis is limited to the Rayleigh fading channel. Authors in [18] subsequently extended the 

framework developed in [16] to decode-and-forward relay networks. In [19] the authors studied 

the effect of source transmission adaptation on capacity of multi relay 2-hop CAF relay system 

over generalized fading channel, but the presented results are limited to independent and 

identically distributed (i.i.d) fading channel. Whereas authors in [20-22] extensively studied the 

effect of source transmission adaptation on capacity of 2-hop CAF relay system by developing 

MGF and CDF approaches that facilitates the evaluation of the ergodic capacity of cooperative 

relay system in fading environments. Also author in [23] derived the MGF approach for CAF 

network with adaptive modulation in Nakagami-m fading environments.  However, because the 

MGF expressions ( for independent and non-identically distributed (i.n.d) Nakagami-m and Rice 

fading channels ) used in their numerical analysis is derived from loose bounds of the end-to-end 
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SNR, the accuracy of their observation can might not be satisfactory under certain condition. This 

is because of the propagation of errors coming from the MGF of bound of end-to-end SNR.  

Motivated by the above mentioned discussions/observations, in this paper we seek to present 

considerably simpler analytical framework for efficient computation of the ergodic channel 

capacities of dual-hop CAF relay networks under ORA, OPRA and TCIFR source-adaptive 

transmission policies in a myriad of fading environments. The key contributions of this paper are 

summarized below:  

 

(i) The significant contribution of this paper is, we bring together a flexible and highly 

accurate approximate MGF expression that has been shown to be much more 

accurate and straightforward to compute than the MGF bounds employed in [16], 

[20]. It is interesting to note that this efficient MGF expression does not only reduce 

the computational complexity for evaluating the ergodic capacity for common fading 

channel, the expression is sufficiently general and straightforward to represent 

composite and even mixed fading environments (i.e. see fig. 7, which shows the 

scenario with combination of Rice, Nakagami and Rayleigh fading channels on one 

system model). This facilitates the efficient and accurate evaluation of the ergodic 

capacity of link adaptive CAF relay networks with three distinct source adaptive 

transmission policies: (i) ORA; (ii) OPRA; and (iii) TCIFR, over the wide range of 

fading environments for the non-identically distributed (i.n.d) fading statistics. Also, 

the proposed framework allows us to gain insights in to how fade distributions and 

dissimilar fading statistics across the distinct communication links affect the ergodic 

capacity, without imposing any restrictions on the fading parameters. (Details 

expression is presented in section 2.1)  

  

The efficacy of our proposed methodology is further demonstrated in the need for closed-

form MGF expression for intuitive understanding of the parameters affecting the ergodic 

capacity of ORA, OPRA and TCIFR source transmission schemes. Here, we decompose 

the MGF of end-to-end SNR of the single CAF relay system to obtain new forms of MGF 

and CDF expressions that enables us to come up with closed form expression for the 

ergodic capacity under the three adaptive source transmission policies. However, it is 

worth to mention that, the partial expansion decomposition is only applicable for the 

single CAF relay over Nakagami-m (with integer m values) and more tedious for the 

multiple relay system. Therefore, from the computational efficiency perspective, the 

ergodic capacity of higher diversity order with non-integer m is considerably simpler to 

compute numerically using our approximate closed-form MGF (in conjunction with 

Fixed-Talbot method [24]). (Detail expression is presented in section 3) 
 

Note: This paper is extension with some significant improvement in results presented in our paper 

[20], where [20] presents ergodic capacity analysis of CAF relay network for MGF of upper and 

lower bound over Rice and Nakagami-m fading channel. In this paper we are utilizing 

“approximate MGF” to derive ergodic capacity analysis for wide range of fading channels (ie., 

these results not only restricted to Rayleigh or Nakagami fading channel but it covers wide range 

of fading channels and mixed fading case as well by simply introducing MGF of single channel 

as explained in (i) and also derives closed form expression for the ergodic capacity over 

Nakagami-m fading channel under the three adaptive source transmission policies as explained in 

(ii). 

 



International Journal of Wireless & Mobile Networks (IJWMN) Vol. 8, No. 5, October 2016 

                                                                                                                                            35 

The remainder of this paper is organized as follows. In section 2, the system model is discussed. 

The capacity analysis for the cooperative relay networks under three distinct adaptive 

transmission techniques is presented in section 3. Selected numerical results are presented in 

section 4. Our conclusions are given in section 5.  

 
 

Figure 1. Link-adaptive cooperative relay networks  

 

2. SYSTEM MODEL  
 
Figure 1 illustrates the link-adaptive cooperative wireless system, consisting of a source node S 

communicates with a destination node D via a direct link and through N amplify-and-forward 

relays Ri, ,{1,2,...., }i N∈  in two transmission phases. In the first phase of cooperation, node S 

transmits the signal x to the D and the relays Ri,  where the channel fading coefficients between S 

and D, S and the  i-th relay node Ri; and Ri and D are denoted by ,s d
α , ,s iα and ,i d

α  respectively. 

During the second phase of cooperation, orthogonal transmission is required to transmit the 

received signals at each of the N relays; this can be accomplished by using TDMA in a round-

robin fashion and/or FDMA. If the ith amplifier gain is chosen as 
2

, 0
( )

s s s i
iG E E Nα= +  (where Es 

denotes the average symbol energy and N0 corresponds to the noise variance) and maximal-ratio 

combiner (MRC) is implemented at node D to coherently combine all the signals received during 

the two transmission phases, the total received SNR at output of the MRC detector can be shown 

to be [3], [25]  
 

, , ( )

, , ,

1 1 1, ,
1

N N N

s i i d HM

s d s d i s d i

i i is i i d

γ γ
γ γ γ γ γ γ

γ γ= = =

= + = + ≤ +
+ +∑ ∑ ∑

        

(1)

   
 

where , ,( )

, ,

s i i dHM

i

s i i d

γ γ
γ

γ γ
=

+
 is the harmonic mean SNR and 2

, , sa b a b oE Nγ α= corresponds to the 

instantaneous SNRs of link a-b.  

 

2.1 Approximate MGF of end-to-end SNR for Generalized Fading Channels 
(Especially Mixed Fading Channels). 
 

In this section we will present the approximate MGF expression, which is simple and can 

handle complex and mixed fading channel models. Using the upper bound of SNR in ([20], eq. 

(3)), the cumulative distribution function (CDF) of the relayed path can be approximat 
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( )

, ,
( ) 1 [1 ( )][1 ( )]

i

UB

s i i d
F F F

γ γ γ
γ γ γ= − − −

  
                      (2) 

where
,
( )

s i
Fγ γ  and 

,
( )

i d
Fγ γ  are the CDFs of the source-to-relay and relay-to-destination links, 

respectively. The MGF of iγ can be determined by differentiating the right hand side of (2) with 

respect to γ , and then evaluating the Laplace transform of the resulting expression, viz.,  

 

( ) ( ))

, , , , , ,

(

0
( ) ( ) ( ) ( ) ( )UB

i s i i d s i i d i d s i

s
s s s e f F f F d

γ
γ γ γ γ γ γ γφ φ φ γ γ γ γ γ

∞
−  = + − + ∫

      

(3) 

 
Interestingly, the last term of (3) resembles the MGF of output SNR for a dual-diversity selection 

combining, and therefore (3) can be re-stated as  

 

 
( )

, ,
( ) ( ) ( ) ( )

i

UB

s i i d SDC
s s s s

γ γ γ γ
φ φ φ φ= + −            (4) 

 
where 

,
( )

a b
sγφ is the MGF of a single channel for link a to b. Eq. (3) and/or (4) are the typical 

MGF bounds that have been used for cooperative amplify-and-forwarded (CAF) relay networks 

in [20]. However the resulting expressions for the Nakagami-m, Rice and mixed-fading channels 

can be quite complicated especially. But recognizing that ( ) ( ),
SDC MRC

s sγ γφ φ>
 
we can further 

approximate (3) as [26] 

 

          ( )
, , , ,

( ) ( ) ( ) ( ) ( )
i s i i d s i i d

A
s s s s sγ γ γ γ γφ φ φ φ φ≈ + −

               
        (5) 

 

since ( )
, ,

( ) ( ) .
MRC s i i d

s s sγ γ γφ φ φ=
 
Eq. (5) greatly reduces the computational burden as it involves 

only the MGF of SNR for single channel reception (i.e., it is  represented in terms of MGF 

between S to relay i and relay i to destination D). Moreover, it has already been shown in [23] that 

(5) accurately approximates (4) over a myriad of wireless fading channels. This expression allows 

us to simplify the computation complexity of the performance metrics in the CAF relay system 

under generalized fading environments. It is also interesting to note that, the MGF expression in 

(5) is simple  and can readily handle complex (e.g. Suzuki distribution) and mixed fading channel 

models (which is daunting task with exact and bounding techniques in the existing propositions). 

  

2.2 Cumulative Distribution Function (CDF) of the Total Effective SNR. 
 

As we will show in the next section, the knowledge of the CDF of the total effective SNR γ of 

the CAF relay networks is required for the evaluation of OPRA and TCIFR capacity. Since the 

analytical CDF expression for the CAF relay networks is difficult to obtain, the alternative is to 

compute the CDF from the MGF expression in [20, eq. (2)] (i.e., 
,

1

( ) ( ) ( )
N

s d i

i

s s s
γ γγφ φ φ

=

= ∏
 

,where 

,
( )

s d
s

γ
φ is the MGF between source to destination of appropriate fading channel  and ( )

i
sγφ is the 

MGF of  a two hop-relayed path). One of the most efficient frequency inversion method is the 

Abate’s Fixed-Talbot method, (i.e., multi-precision Laplace transform inversion) [24], viz., 
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( )
1

( )

1

11

2

( )
( ) ( ) Re{ ( ) }

( )

Z
xsrx k k

X X X k
k

k

r

Z Z

j
F x r e e s

s

θσ θ
φ φ θ

θ

−

=

+
≅ + ∑

                       
(6)

                                                                                             

where 2 /(5 ),r Z x= / ,
k

k Zθ π= ( ) ( cot( ) 1)cot( ),
k k k k k

σ θ θ θ θ θ= + −  ( ) ( cot( )),
k k k

s r jθ θ θ= +  and a positive 

integer Z can be chosen to get the desired accuracy. 

 

3. ERGODIC CAPACITY COMPUTATION IN FADING CHANNELS 
 

In this section, we will derive closed-form expressions for the ergodic capacity under three 

adaptive source transmission policies.  

 

3.1 Optimal Rate Adaptation with Fixed Transmit Power (ORA) 
 

When only the rate is adapted by changing channel conditions, the ergodic capacity is given by 

[20]  

  
02

1 1
1 ( )

1 ln

y

ORA

N

C e
y dy

B y
γφ

−∞

 
 −

+
= ∫

                           

       

(7) 

 

where N is the number of relays and B is the channel bandwidth. 
 

Expression (7) indicates that the ORA capacity evaluation requires only the knowledge of the 

MGF of SNR of fading channel. For arbitrary fading environment, the integral can be evaluated 

using numerical method. However, closed-form solutions can be obtained for special cases. For 

instance, following the procedure in Appendix A by applying the auxiliary equation (B.7) in 

conjunction with the decomposed PDF expression obtain via (A.2), the closed-form ORA 

capacity for single CAF relay system with Nakagami-m fading can be expressed as 

 

, ,

/ /, , , ,, , , ,

2

1 1 1 1, , , ,

/ , ,, ,

,

1
log ( ) , ,

2

,

p b q b
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p q
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B
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e b r

m
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v
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 
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∑ ∑

∑ ∑
   

(8) 

 

where 
, ,

[ ]
a b a b

E γΩ =  denotes the mean link SNR,
,a b

m denotes the Nakagami-m fading severity 

index, (. , .)Γ  
denotes the upper incomplete Gamma function and the coefficients pα , qα , rα , wα ,

tα , uα and vα are defined in (A.3). 

 

3.2 Optimal Power and Rate Adaptation (OPRA) 
 

In the case of OPRA strategy, both the transmission power and rate are matched to the varying 

channel conditions through use of a multiplexed multiple codebook design. This leads to the 

highest achievable capacity with CSI. From [20], we have  
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ˆ0 0
0

0

1

2

1 1 2
[1 ( )] ( )

1 ln

xOPRA

N

C x
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B x
γ γ γ

γ φ γ
γ

∞
−

  
− − +  

+    
= ∫

            

(9) 

 

If ( )
0

2x
γ

γφ
 
is available in the closed form, the CDF terms, 

0
( )F

γ
γ  and 

ˆ 0
( )F

γ
γ in (9) can be 

computed efficiently using (6) and 0
γ  is the optimal cut-off SNR below which the data 

transmission is suspended.  

 

To achieve the capacity (9), the channel fade level (i.e., CSI) tracked at the receiver must be 

conveyed to the transmitter on the feedback path for power and rate adaptation in accordance with 

the time-varying nature of the channel fading. When 0
γ γ< , no data is transmitted, and thus the 

optimal policy suffers an outage probability given by 0 0
( ) 1 ( )c

out
P F F

γ γ
γ γ= = − , which equals the 

probability of no transmission. The optimal cutoff SNR must satisfy 

 

0 0
( ) [1 ] 0c

F
γ

γ γ ζ− − =
                                  

(10) 

 

where 
0

0

1
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γ
ζ φ ω ωγ ω

π

∞

= − −∫  and the exponential integral 
1

( ) .
jct

e
dt

t
Ei jc

−
∞

− = −∫  

Whereas 
0

γ  can be determined by solving (10) numerically. 

 

Similar to the capacity of ORA scheme, closed-form solution for (9) can be obtained for single 

CAF relay with Nakagami-m channel using Appendix B by combining the auxiliary result in 

(B.12) and the end-to-end PDF expression obtain via (A.2) which is given by  
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     (11) 

 

3.3 Channel Inversion with Fixed Rate (CIFR) 
 
In CIFR policy, the transmitter adapts its power, based on channel fading to maintain a constant 

received SNR at the receiver, and uses fixed-rate modulation and fixed-code designs. This 

technique is the least complex to implement given that the reliable channel estimates are available 

at the transmitter. However, when the channel experiences deep fades, the penalty in transmit 

power requirement with the CIFR policy will be enormous, because channel inversion needs to 

compensate for deep fades. To overcome this, a modified inversion policy, truncated channel 

inversion and fixed rate policy (TCIFR) was considered in [2], where the channel fading is only 

inverted above a fixed cutoff fade depth 
0
.γ  The data transmission is ceased if γ  falls below 
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optimal cutoff SNR
0
.γ In this case, it is easy to show that the outage probability is 

0 0
( ) 1 ( )c

out
P F F

γ γ
γ γ= = −  and the channel capacity is given by [20]  

    

 

2 0

1 1
log 1 ( )

1

cTCIFR
C

F
B N

γ
γ

 
= − 

+ ∇                        

(12) 

 

where 
0

0

1
Re{ ( ) ( )} .j Ei j d

γ
φ ω ωγ ω

π

∞

∇ = − −∫  Observe that, if the MGF of γ is known in closed-form, 

then the above integral can be evaluated efficiently via Gauss-Chebyshev Quadrature method for 

a wide-range of fading channel models and diversity combining techniques employed (including 

maximal-ratio combining and selection diversity). The zero-outage ergodic capacity (i.e., CIFR 

policy) can be evaluated by setting 0
γ = 0 in (10).  

 
Now, for the special case of single CAF relay with Nakagami-m channel, we can obtain closed-

form expressions for ∇  and 
0

( )c
F

γ
γ  in (12) using the procedure in Appendix B and are given 

respectively by 
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and  
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    (14) 

4. NUMERICAL RESULTS 
 
In this section, we will discuss the efficacy of our analytical frameworks based on the 

approximate MGF method (i.e., ( ) ( )A
s

γ
φ ) by comparing it with bounding techniques (i.e.,

( () )1
2 , , , ,
min( , ) min( , )LB UB

i s i i d i i s i i d
γ γ γ γ γ γ γ= ≤ ≤ = [20]), and simulation for the ergodic capacity 

analysis of cooperative analog relaying systems under three distinct source adaptive transmission 
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policies. The following mean link SNRs (arbitrarily chosen) will be used to generate the plots, 

unless stated otherwise: 
,1s

Ω  = Es/N0, ,2s
Ω = 0.5Es/N0, 1,d

Ω = 0.5Es/N0, 2,d
Ω = Es/N0, and 

,s d
Ω = 

0.2Es/N0. 

 

 
 

Figure 2. Ergodic capacities of a cooperative relay network with ORA policy in Rayleigh fading channels 

with single relay diversity (N = 1). 

 

Example 1: Rayleigh fading channels  

 
Fig. 1 shows the ergodic capacity analysis of a CAF relay network with ORA policy under i.n.d 

Rayleigh fading channels, using our proposed approximate MGF ( )
(.)

A

γ
φ  method. For the sake of 

comparison, we also presented plots using bounds (i.e., Upper bound MGF
( ) ( )( ) ( )Lower Bound MGFUB LB

s or s
γ γ

φ φ  [16]), harmonic mean bound [15]  

 

    

2

, ,( ) 2 2

, , , , 3

, , , ,

2 1 1
( ) (1/ 1/ ) (1/ 1/ ) / ln

4

s i i dHM

s i i d s i i d
i

s i i d s i i d

s
s s s

γ
φ

   Ω Ω
  = Ω − Ω + Ω + Ω ∆ + + ∆ + +     ∆ Ω Ω Ω Ω       (15) 

 
 

and the simulation. It is interesting to note that both bounds enclose the “exact” (simulation) and 

the approximation ( )
(.)

A

γ
φ  with all the curves following the expected trend. It is also worth 

mentioning that the approximation is much closer to the simulation. Therefore, introducing the 

“approximate MGF” allows us to further simplify the computation of the ergodic capacity of the 

CAF relay system. 
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Figure 3. Ergodic capacities of ORA policy in i.n.d Rice fading channels (K=3) with a single cooperative 

relay (N = 1). 

 

Example 2: Rice fading channels  

 
Consider a CAF relay network with ORA policy in an i.n.d Rice fading channel. It is worth to 

mention that the exact MGF of harmonic mean SNR for the relayed path presented in [27, Eq. (5) 

and Table 1] for the Rice fading channel is not tractable as it involves the integral of product of 

two infinite series (with Bessel function arguments). Moreover, the authors in reference [19] also 

proposed a general method for ergodic capacity analysis of ORA, OPRA and TCIFR policies. 

Their expressions are generalized, but the results are limited to only an i.i.d Nakagami-m fading 

channel, which is obviously due to the non-existence of the closed form MGF expression for the 

Rice fading channel. Hence, the bounding technique [20] is only available analytical tool for 

capacity analysis. The MGF for upper bound of the SNR for two-hop relayed path is given by 

[20] 

 
( )

k

{( , ),( , )}

[ 2 , 2 , 2 ,2( )]( )  A 2
j j k k k

KUB k

i

k s i i d

j k

I A K A K s As eγφ −

∈

≠

+= ∑
       

(16)  

 

where 1
i i i

A K= + Ω ,and 
2

02 2 22

2 2
2

22( )2
1

[ , , , ] ,
( ) ( ) ( )( )

c b d
c

d ad
d ac a abc

I a b c d e Q b e I
d d a d d a d ad d a

−

+
   
 = −   + + ++   

 

while the MGF for the lower bound may be computed as ( ) ( )
( ) ( / 2).

LB UB

i i
s s

γ γ
φ φ=  In (16), Kk is the 

Rice fading parameter, 
0
(.)I is the zero order modified Bessel function and (.,.)Q is the first order 

Marcum Q-function. Fig. 3 compares approximation and bounds for the ergodic capacity analysis 

of the CAF relay networks in the Rice fading channels for i.n.d case. The general trend depicted 

in this figure is similar to those observed for the Rayleigh fading environment in Fig. 2. 
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Example 3: Nakagami-m fading channels 

 
Figures 4, 5, and 6 illustrate the ergodic capacity analysis with ORA, OPRA and TCIFR policies 

under the i.n.d Nakagami fading channels respectively.  

 

Curves of upper/lower bounds are also generated using [20, eq. (8)] (i.e., 

( )

2 1
{( , ),( , )}

( ) ( )
( ) 1 , ; 1 ;

( ) ( )i

k

UB

m

j j jk k k k
j k k

k s i i d j j j j j j jk k k k k k k k

j k

m m m s m
s F m m m

m m m s m m s m m
γφ

∈

≠

   
   
   
   

Γ + Ω Ω + Ω
= − +

Γ Γ Ω Ω + Ω + Ω Ω Ω + Ω + Ω∑

where [ ]
q q

E γΩ = corresponds to the mean SNR of link q, mq is the Nakagami-m fading 

index and ( )Γ ⋅ is the gamma function) for comparison. It is worth to mention that the exact 

MGF of the harmonic mean SNR for the relayed path presented in [27, Table 1] for the 

Nakagami-m channel is not tractable as it involves the product of the Bessel functions with 

complicated arguments. Hence, the bounding technique [20] is only available analytical tools for 

capacity analysis. Similar to Figures 2 and 3, in Figures 4-6, we notice that the curve with the 

approximate MGF method is very close to the exact (simulation) for each of the three adaptive 

source transmission policies.  

 

 
 

Figure 4. Ergodic capacities of ORA policy in i.n.d Nakagami fading channels (m=3) with a 

single cooperative relay (N = 1). 
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Figure 5. Ergodic capacities of OPRA policy in i.n.d Nakagami fading channels (m=3) with a single 

cooperative relay (N = 1). 

 

 
 

Figure 6. Ergodic capacities of TCIFR policy in i.n.d Nakagami fading channels (m=3) with a single 

cooperative relay (N = 1) 
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Figure 7: Ergodic capacities of ORA policy under Rayleigh, Nakagami-m and mixed fading environments 

with a single cooperative relay (N = 1). 

 

Example 4: Mixed fading channels 

 

To show the significant advantage of our framework, which provides generality and flexibility of 

the approximate MGF ( ( ) ( )A s
γ

φ ), Figure 7 depicts the ergodic capacity analysis of ORA policy 

under Rayleigh, Nakagami-m and mixed fading environments with single diversity (N=1). For the 

mixed fading case, we have chosen Rayleigh fading between S-D link, Rice Fading with K = 3 on 

S-R1 link and Nakagami fading with m = 4 between R1–D link. To show the accuracy of 

approximate MGF method, corresponding Monte Carlo simulations are also plotted. We observe 

that in addition to the homogenous fading scenario, our proposed approximate MGF method can 

also support the mixed fading environments, which cannot be obtained from the exact and 

bounding techniques in the existing propositions. To the best of our knowledge, the ergodic 

capacity analysis of CAF relay networks under mixed fading environment with this simplicity has 

not been considered in the previous literature. 

 

5. CONCLUSIONS 
 

This paper presents a new accurate approximate MGF method for evaluating the ergodic 

channel capacities of cooperative non-regenerative multi-relay networks in a myriad of 

fading environments and under three distinct source-adaptive transmission policies: (i) 

constant power with optimal rate adaptation (ORA); (ii) optimal joint power and rate adaptation 

(OPRA); and (iii) fixed rate with truncated channel inversion (TCIFR). The proposed frame work 

based on the approximate moment generating function (MGF) method bring significant changes 

in development of capacity system model and is sufficiently general/flexible to encapsulate all 
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types of fading environments (especially for the analysis of mixed fading case). In addition to 

simplifying computation complexity of ergodic capacity for CAF relaying schemes treated in 

literature, we also derived the closed form expressions of the above three adaptive source 

transmission policies under Nakagami-m fading with i.n.d statistics. The accuracy of our 

proposed method has been validated with closed-form formulas that are readily available for 

specific fading environments in terms of bounds and via Monte Carlo simulations. 

 

APPENDIX A  

 
In this appendix, we will derive the decomposition of the closed form approximate MGF in (5) 

that facilitates closed form expression for the ergodic capacity. For instance, the approximate 

MGF of a single two-hop CAF relayed system is given by  
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Substituting the individual MGF expression for the Nakagami-m channel [1, Table 2.2] and 

applying partial fraction decomposition, we obtain 
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APPENDIX B 
 
In this appendix, we will derive the closed form expressions for the ergodic capacity with the 

three distinct adaptive source transmission policies: ORA, OPRA and TCIFR under i.n.d 

Nakagami-m fading environments. 

 
In order to derive the corresponding PDF of the MGF expression in (A.2), we define a generic 

MGF function     

  

( , , ) (1 ) k
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−= +
         (B.1) 

 

where s is the Laplace variable. 

 

Taking the inverse Laplace of (B.1), we can easily obtain the PDF in the following form, 
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The corresponding complementary CDF (CCDF) using the identity [28, eq. (3.381.3
8
)] can then 

be expressed as, 
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Optimal Rate Adaptation with Fixed Transmit Power (ORA) 
 

For instance, the capacity expression of ORA policy with a single relay case is given by [16], [20] 
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1
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2
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C

f d
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(B.4) 

 

Using the auxiliary PDF in (B.2), the corresponding ORA capacity can be expressed as 
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Now, making use of integral form, 1
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Utilizing the identity 
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The final equation for ergodic capacity of ORA scheme is shown in (8),which can be obtained 

using the end-to-end PDF obtain via (A.2) with the auxiliary expression in (B.7). 

 

Optimal Power and Rate Adaptation (OPRA) 

 
Now the ergodic capacity of OPRA policy with a single relay case is given by [16], [20]  
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Substituting the auxiliary PDF term of (B.2), the corresponding OPRA capacity can be written as 
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let 
0

0

, ,u du d
γ γ γ

γ
= = the expression in (B.9) can be re-written as,  
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Defining an identity 1

1
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Now using the identity 
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The final equation for ergodic capacity of OPRA scheme is shown in (11), which can be obtained 

using the end-to-end PDF obtain via (A.2) with the auxiliary expression in (B.12). 

 

Truncated Channel Inversion with Fixed Rate (TCIFR) 

 
The ergodic capacity of TCIFR policy with a single relay case is given by [20], 
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where ( ) 1 ( ) ( )
c

x
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Substituting the auxiliary PDF term of (B.2), the integral term in (B.13) can be written as 
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Now utilizing identity [25, eq. (3.381.3
8
)], (B.14) can be re-written in the following form, 
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The final equation for ergodic capacity of TCIFR scheme is shown in section 3.3, which can be 

obtained using the end-to-end PDF obtained via (A.2) with the auxiliary expression in (B.15). 
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