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ABSTRACT
In this paper, we attempt to find a characterization of some implicative filters in some fuzzy
algebras. Towards this end, firstly, the notion of a De Morgan triples and properties of

implicative filters in a de Morgan implicative structure are stated. finally, some interesting with
detail of most classical cases of an implicative filters are given.
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1. INTRODUCTION

The theory of fuzzy sets and fuzzy logic has been extensively developed in last decades from the
pioneer ideas by Zadeh, and many applications have been successfully carried out (see [8,9]).

In fact, there are many situations where fuzzy control applies better than the classical one, mainly
in all environments where uncertainty and imprecision are present and high precision in
measurements and statements is not required.

A fuzzy implication is the generalization of the classical one to fuzzy logic, much the same way
as a t-norm and a t-conorm are generalizations of the classical conjunction and disjunction,
respectively.

The main goal of this article is to examine some of implicative filters in a De Morgan algebras by
discussing their algebraic properties, in order to obtain a characterization of them.

2. PRELIMINARIES
We briefly introduce some basic notions used in the rest of the work.
2.1. Fuzzy Negations, T-Norms and T-Conorms

Definition 1 (see Fodor and Roubens [1, p.3], Klement et al. [2, Definition11.3]). A decreasing
function N: [0,1] — [0,1] is called a fuzzy negation, if N(1) = 0, N(0) = 1.

A fuzzy negation N is called:
0] strict, if it is strictly decreasing and continuous;

(i) strong, if it is an involution, i.e., N(N(x)) = x for all x € [0,1];
(iii)  non-vanishing, if N(x) = 0= x =1.
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Definition 2 (Schweizer and Sklar [3], Klement et al. [2]).

(i) An associative, commutative and increasing operation T: [0,1]> — [0,1] is called a triangular
norm (t-norm, for short), if it has the neutral element equal to 1.
2

(ii) An associative, commutative and increasing operation S: [0,1]° — [0,1] is called a triangular
conorm (t-conorm, for short), if it has the neutral element equal to 0.

2.2. Fuzzy Implications

Definition 3 (see Fodor and Roubens [1, Definition 1.15]). A function I: [0, 1]* — [0, 1] is called
fuzzy implication, if it satisfies, for all x, y, z € [0, 1], the following conditions:

1. 1(x,2)>1(y,2) if x <y,
2. 1(xy) <I(x,2) ify<z,
3. 1(0,0)=1,1(1,1) =1, 1(1,0)=0

Remark Each fuzzy implication | satisfies the following left and right boundary conditions,
respectively:

10y) =1y €[01] (LB)
I(x,1) = 1, x € [0,1] (RB)

Therefore, | satisfy also the normality condition: 1(0,1) =1 (NC).
Additional properties of fuzzy implications were postulated in many works (see, for example
[4,1,5]). The most important of them are presented below.

Definition 4 (see [8, Definition 3.2]). A fuzzy implication | is said to satisfy

(i) the left neutrality property, if I(1,y) =y, y € [0,1] (NP);

(ii) the exchange principle, if for all x,y,z € [0,1], 1(x,1(y,2))=1(y,l(x,2)) (EP)
(i) the identity principle, if for all x in [0,1], I(x,x)=1 (IP);

(iiii) the ordering property, if for all x,y € [0,1], I(x,y)=1 if and only if x=y (OP).

3. DE MORGAN FUzzYy STRUCTURE

Definition 5 (Klement et al. [2, p.232]). A triple (T,S,N), where T is a t-norm, S is a t-conorm
and N is a strict negation, is called a De Morgan triple if for all a, b € [0, 1],

T(a,b) = N*(S(N(a),N(b))), S(a,b) = N*(T(N(a),N(b))).

The set ([0,1],T,S,N) equipped with a de Morgan triple will be called a de Morgan fuzzy
structure.

Theorem 1 (Klement et al. [2, p.232]). The two propositions are equivalent:

1. (T,S,N) is a de Morgan triple,

2. Nis strong and S is the N—dual of T, i.e., T(a,b) = N(S(N(a),N(b))), for all a,b € [0,1].

The De Morgan fuzzy structure ([0,1],T,S,N) is said to be distributive if T is distributive over S.
According to (Klement et al. [2, p.34]), the quadruple ([0, 1], /A, V, N) is a distributive De
Morgan fuzzy structure if and only if, T = Ty.
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Definition 6 An implicative fuzzy structure L is a de Morgan fuzzy structure equipped with a
fuzzy implication, that is L = ([0, 1], T, S, N, I).

In the sequel we use the classical implications I, Ig, Ic, I for all a,b in [0,1] by :

Ia (@, b)=N (@) V b (Kleene-Dienes)

Is(a,b) = la(a,b) A\ (k(a) (Zadeh)

Ic (a, b) = Ia(a, b) A k(@) A k(b) (Willmott)

IL(a, b) =sup{t € [0, 1]; a /\ t<b} (the residual implication associated with the t-norm A).

Here k(x) = x V' N(x) is the crispness degree of x.
4. IMPLICATIVE FILTERS IN A DE MORGAN FUzzY STRUCTURE

From now on, L denotes an implicative De Morgan fuzzy structure ([0, 1], /A, V, N, 1)

Definition 7 A subset F of [0, 1] is said to be an implicative filter of L (or deductive system) if
1=Fand (x€F and I(x,y) =F) imply y=F. F is a proper implicative filter if F is a filter and
F= [0, 1].

Proposition 1 If (F;);¢; is a family of filters of L, then U;.; F; and Ny, F; are filters of L.
Proposition 2 If a filter F of L contains O then F = [0, 1].

Proposition 3 In a De Morgan implicative fuzzy structure with | = 1, if F is a proper filter of L
and x € Fthen N(x) ¢ F.

Proposition 4 In an implicative de Morgan structure L, if the implication | satisfy (OP) or (NP),
then F = {1} is a proper filter of L.

5. CHARACTERIZATION OF IMPLICATIVE FILTERS IN CLASSICAL LOGIC
STRUCTURES

5.1. Logic Model with the Zadeh Operators

Let [0, 1] equipped with Zadeh negation N¢(x) = 1 — x and the t-norm T(X, ¥) = Xy and t-conorm
S(X, y) =x +y —xy, and the implication | = 15 . Consider the implicative De Morgan fuzzy
structure L equipped with the above operators.

Proposition 5 Let a € [0, 1], the set
F =]0, a] U {1} is a proper filter of L if and only if a < 1/2.

Proposition 6 The set F = [a, 1] is a proper filter of L if and only if a = 1.
5.2. The Case of Lukasiewicz Fuzzy Logic Operators

Let [0, 1] equipped with a Lukasiewicz t-norm and t-conorm given by: T k(X, y) = max(x+y—1,
0), Sik(X, ¥) = min(x +y, 1) ([8], Table 2 and 3) and the associated negation N¢(x) = 1 — X.

Proposition 7. With the notations above, ([0, 1], T, S, N) is a de Morgan fuzzy structure.
Remark: This structure is not distributive, example x = 1/2, y =z = 2/3.
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The Lukasiewicz fuzzy implication is defined by I, «(x, y) = min(1, 1 — x + y) ([8], Table 5), since
in this case the crispness degree is k(x) = 1, this implication coincide with I =1g =Ic. |
coincides also with the T-residual implication, because:

L YY) =sup{te [0, 1]; x At<y},=sup{t€ [0, 1]; x+t— 1<y} =min(l +y—x, 1) =1(x, y).

Proposition 8. The Lukasiewicz fuzzy implication verify the properties (IP), (NP), (EP) and
(OP).

Lemma 1. Let F be a proper filter of L then [0, 1/2] N F = @ proof.
Suppose X € [0, 1/2] N F, then I(x, 1/2)=1€ Fso 1/2 € F, hence I1(1/2,0)=1/2€ Fso 0 e F
imply F =[O, 1].

Lemma 2 Let F be a proper filter of L then there exist a €]1/2, 1] such that, F=]a, 1], or F = [a,
1].

Theorem 2. The unique proper filter of Lukasiewicz algebra is {1}.
5.3 The Case of Godel Fuzzy Logic Operators

In this Case, L, T(X, ¥) = min(x, y), S(x, ¥) = max(x, y), lep(X, ¥) = L if X <y and lgp(X, y) = y if X
>y, N(x) = I(x, 0). N(x) = 1 if x = 0 and N(x) = 0 elsewhere.

It is obvious that L is an implicative De Morgan fuzzy structure.

Proposition 9. The crispness degree in L is k(x) =1 ifx =0xifx >0
Remark. The implication | verify (NP), so F = {1} is a proper implicative filter of L.
Proposition 10. If F is a proper implicative filter of L then x € F imply N(x) ¢ F.

Proposition 11. The implicative filters of L are the form [a, 1] or ]a,1], where a € [0, 1].
5.4 The Case of Fodor Fuzzy Logic Operators.

We define the t-norm and t-conorm by: S(x, y) =1 if X + y > 1 max(x, y) otherwise, T(X,y) =0 if
X +y <1 min(x, y) otherwise. The so associated negation is Nc(X) = 1-x, we obtain a De Morgan
fuzzy algebra witch satisfy the LEM, so I = Ig = I¢ witch is the Fodor’s implication defined by
lro(X, y) = 1ify > x and max(1 — x, y) otherwise.

We obtain an implicative De Morgan fuzzy algebra.

Proposition 12. Let F be an implicative filter of L, for all t € [1/2, 1],
Fi={x € F; x >t} is a filter of L.

In the same way we can show the following proposition;

Proposition 13.
Let F be an implicative filter of L, for all t € [1/2, 1], F,= {x € F; x >t} is a filter of L. Now we
can characterize all filters in the present algebra.

Proposition 14. The proper implicative filters of L are the sets ]Ja,1] and [a, 1] for a €|/,
1].
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5.5 The Case of Drastic Fuzzy Logic Operators

The t-norm and t- conorm defined by: T(x, y) =0 if x, y < 1 min(x, y) otherwise, S(x,y) =1if
X, Y >0 max(x, y) otherwise. This algebra is not a de Morgan algebra, we have Ng(1/2 A 1/2) =
Ns(0) = 1 but Ns(1/2) v Ng(1/2) = 0, where the negation Ns = Np; defined by Ns =1 if x = 0, and
0 otherwise.

We consider the algebra equipped with | = I, Ig or Ic. In this algebra the crispness degree is k(x)
=N(x) v x=1if x=0and k(x) = x elsewhere.

Then implication I is defined by: 1a(x, y) =1 if x = 0, and: 1a(X, y) =y otherwise. In this case the
fuzzy algebra L satisfy the crispness conservation.

Proposition 15. A subset F of [0, 1] is a filter of L, ifand only if 0 ¢ F, and 1 € F, in other
words, the only proper filters of L, are the sets containing 1 and not 0.

5.6 The case of Schweizer - Sklar fuzzy logic operators (see [2], p :104 and
[6],example 4.13).

The t-norm and conorm are given by:
Tss” (X, y) =(max(<’ + y* = 1, 0", Sss® (x, y) = 1 = (max((1 —x)* + (1 = y)*~ 1, 0)** , Isa(x, ¥)
=1 — (max(x(1 + xy2 — 2y), 0)*?, Ne(x) = 1 — x.

Forallx € L, k(x) =1, 50 Ia = Ig = Ic. It is obvious that L, is a de Morgan implicative fuzzy
algebra.

The implication | satisfy the (NP), so {1} is a proper filter of L, more precisely,
F = {1}is the unique proper filter of LA is.

REFERENCES

[1] J. Fodor, M. Roubens (1994) Fuzzy Preference Modeling and Multi criteria Decision Support, Kluwer
Academic Publishers, Dordrecht.

[2] E.P.Klement, R.Mesiar (2000) E.Pap, Triangular Norms, Kluwer, Dordrecht.
[3] B.Schweizer, A.Sklar (1983) Probabilistic Metric Spaces, North-Holland, Amsterdam.

[4] E.Trillas, L.VValverde, On implication and indistinguishability in the setting of fuzzy logic, in
:J.Kacprzyk, R.R.Yager(Eds.), Management

[5] S.Gottwald,A (2001)Treatise on Many-valued Logic, Research Studies Press, Baldock.

[6] Baczynski, M., Jayaram, B. (2010). QL-implications: Some properties and intersections. Fuzzy Sets
and Systems, 161(2), 158-188.

[7] Di Nola, A., and Ventre, A. G. (1989). On fuzzy implication in De Morgan algebras. Fuzzy sets and
systems, 33(2), 155-164.

[8] M.Baczynski, B.Jayaram (2007), (S,N)-and R-implications : A state-of-the-art survey, Fuzzy Sets and
systems. 159 1836-1859.

[9] Bedregal, B., Mezzomo, I., and Reiser, R. H. S. (2018) n -Dimensional Fuzzy Negations. IEEE
Transactions on Fuzzy Systems.



132 Computer Science & Information Technology (CS & IT)
[10] C.V. Hegoita (1998) Expert Systems and Fuzzy Systems (Benjamin/Cummings, Menlo Park, CA).

[11] Y. Xuand K. Y. Qin, On Filters of Lattice Implication Algebras, J. Fuzzy Math,, Vol. 1 No. 2 pp.251-
260, Jun 1993.

[12] Y. B.Jun, Y. Xuand K. Y. (Jan 1998) Qin Positive Implicative Associative Filters of Lattice
Implication Algebras, Bull.Korean Math.Soc., VVol.35, No.1pp.53-61.

[13] B. L. Meng, (Jun 1998) Prime Filters of Lattice of Implication Algebras, J. Northwest University,
Vol. 28 No. 3 pp. 189-192.

[14] M. H Wu, (2008)Study on the Lattice Implication Algebras and Correlative Substructures. Chengdou
FJ. Southwest Jiaotong Univ.

AUTHORS

Driss Gretete, is aa associate Professor at University Ibn Tofail, department of Computer Science,
Logistics and Mathematics (ILM). EECOMAS Laboratory University Ibn Tofail, ENSA School of
Engineering, Kenitra, Morocco

e He participate to international conferences, in particular: the days of probabilities on the years
2015,2016 and 2017

He published several articles in leading newspapers including :

Annales de I’Institut Henri Poincarré, Proceedings of the Academy of Sciences ,... etc

Professor of Probability, Cryptography and Statistics at ENSA 2009 to date,

Professor of Special Mathematics from 1994 to 2009,

Doctor of the University of Provence Marseille Department of Math and Computer Science 2005,
DEA in mathematics from Paul Sabatier University of Toulouse mention well 2002, - Associate
Professor of Mathematics 1993,

e Baccalaureate mathematics sciences 1983.

Mbarek Zaoui is a PhD student at the University of Ibn Tofail, he repairs his thesis on the theme :
Characterization of the filters of an algebraic model of fuzzy logic, he obtained his master’s degree in
education sciences of the university, he also has a master on the use of fuzzy numbers in statistics of
Mohamed V University Rabat.

Khalid EI Aroui is a PhD student at the University of lbn Tofail, he repairs his thesis on the theme
:Kantian Logic, he obtained his master’s degree in Logic and philosophy of the university Mohamed V,
Rabat and he professes philosophy at 1bn Tofail University.



