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ABSTRACT 
 

This paper analyzes the performance of Channel Side Information (CSI)-assisted cooperative amplify-and-

forward (CAF) relay networks that employ both the node placement (i.e., relay position) based optimal 

power allocation  policy among collaborating nodes and adaptive M-ary quadrature amplitude modulation 

(M-QAM)/ M-ary phase shift keying (M-PSK) techniques in generalized wireless fading environments. In 

particular, we advocate a simple yet unified numerical approach based on the marginal moment generating 

function (MGF) of the total received Signal to Noise Ratio (SNR) to derive analytical expressions for the 

average bit error rate (ABER), mean achievable spectral efficiency, and outage probability performance 

metrics. The proposed analytical framework is sufficiently general and flexible to characterize the 

performance of adaptive-link CAF relay networks over a wide range of fading distributions (i.e., not 

restricted to Rayleigh fading or independent identically distributed (i.i.d) Nakagami-m fading ) with 

independent but non-identically distributed (i.n.d) fading statistics across the spatially distributed diversity 

paths. Additionally, we further simplify the computational complexity, by employing the use of an 

“approximate MGF expression” to compute the system performance metrics over the generalized fading 

channel. Employing the above novel approach based on “approximate MGF” in conjunction derived 

analytical frameworks allows us to simplify the computation complexity of achievable spectral efficiency as 

well as ABER of CAF relay system in the generalized fading environments by simply replacing appropriate 

single channel MGF which is readily available.  
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1. MOTIVATION 
 

The increasing demand for wireless communication system in recent years has necessitated a 

need to improve the performance, reliability and data rate of wireless channels. To address these 

needs, several attempts have been made on each of these improvement areas. The broadcast 

nature of wireless transmissions has enabled a new communication paradigm known as 

“cooperative communication” where a source node communicates with a destination node with 

the help of one or more relay nodes to harness a new form of spatial diversity and combat the 

effect of multipath fading. Cooperative communication serves as an alternative to conventional 

space diversity technique (i.e., Multiple Input Multiple Output (MIMO) technique), as the size of 

communication nodes (i.e., mobile handheld devices or wireless sensors) may not accommodate 

multiple transmit and/or receive antennas. Cooperative diversity also referred to as a “distributed 

MIMO” provides additional reliability to the wireless system.  
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Link adaptation is yet another powerful wireless communication strategy for improving the 

spectral utilization efficiency; wherein the power level, signal constellation size and/or coding 

rate are “matched” with the prevailing channel conditions based on the acquired channel side 

information on feedback channel. 

 

Integrating these two powerful communication techniques (i.e., cooperative communications and 

link adaptation) could benefit the emerging IEEE 802.16 wireless networks (i.e., the current IEEE 

802.16e systems employ adaptive modulation, while the emerging IEEE 802.16j standard 

specifies the use of cooperative diversity in its multi-hop relay architecture). 

 

In this paper, our main focus on the link-adaptive amplify-and-forward relaying strategy because 

it does not require “sophisticated” transceivers at the relays (although our framework is also 

applicable for digital relaying, once the moment generating function is found or available). While 

this protocol can achieve full diversity using a virtual antenna array, there is a loss of spectral 

efficiency due to its inherent half-duplex operation. But this penalty could be “recovered” by 

combining the cooperative diversity with a link adaptation mechanism wherein the power level, 

signal constellation size, coding rate or other transmission parameters are adapted autonomously 

in response to fluctuations in the channel conditions. 

 

There has been widespread research on performance analyses of both non-adaptive cooperative 

diversity systems and adaptive transmission techniques for classical (non-cooperative) wireless 

networks; however the art of adaptive link layer in cooperative wireless networks is still in its 

infancy especially when optimized in a cross-layer design paradigm. For instance majority of the 

literature on the cooperative relay diversity are limited to both fixed signaling rate and/or constant 

transmit power for all communication nodes. A review of prior research on cooperative diversity 

with adaptive transmission is discussed next. Authors in [1]-[2] studied the problem of the 

optimal power allocation in wireless relay networks, but they did not consider source rate-

adaptation. Adaptive transmission for a two-hop (regenerative and non-regenerative) relay 

network (but without the direct source-destination link) in the Rayleigh fading channel was 

investigated in [3]. In [4], authors have studied the effect of power allocation and relay location 

on system performance for decode and forward dual-hop system over a Nakagami-m fading 

environment, but without a direct source to destination link, and more importantly without 

considering adaptive modulation scheme. Whereas authors in [5] studied  the power assignment 

strategy by considering fixed relay position for incremental selective decode and forward 

cooperative relay networks over the Rice fading channel in terms of only symbol error rate 

analysis, but without link adaptation. Authors in [6] studied joint relay selection and adaptive 

modulation coding in amplify and forward relay network with Rayleigh fading channel. The 

ABER performance of a cooperative relay network with BPSK modulation in a Nakagami-m 

fading channel was investigated in [7], however the authors did not consider higher constellation 

size or adaptive modulation schemes. The performance of a CAF relay  network with constant 

power M-QAM adaptive rate transmission, when the ABER in Rayleigh fading is constrained to 

be below a specified target bit error rate (BER) is examined in [8] for optimum mode switching 

thresholds. In [9], the performance of discrete-rate adaptive M-QAM for a single incremental 

relay in a Nakagami-m environment was examined. While authors in [10] investigate the 

performance of a cooperative decode-and-forward relay network with five-modes adaptive M-

QAM transmission in an i.i.d Nakagami-m wireless fading environment. It is interesting to note 

that, authors in [11] derived bounds for the outage probability, achievable spectral efficiency, and 

error rate performance of a link-adaptive amplify-and-forward cooperative diversity system with 

limited CSI, in which the rate at the source node is adapted according to channel conditions (i.e., 

only feedback of the effective SNR at the destination node is required to be available at the source 

node), while the relays simply amplify and forward the signals. For the analysis, they considered 

the MGF based approach to compute the above performance metrics using adaptive M-QAM  
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technique in CAF relay networks. However, their framework is limited to only the Rayleigh 

fading channel, and more importantly, the power allocation and the node placement strategies 

were not considered, which can have a significant impact on overall system performance.  

 

Motivated by these observations, our main contributions in this paper are summarized as follows: 

 

i)Development of flexible generalized analytical framework 
 

We develop a unified generalized analytical framework based on the marginal MGF and/or the 

Cumulative Distribution Function (CDF) method for evaluating the ABER as shown in eq (13), 

mean spectral utilization efficiency in (12) and outage probability performance metrics of the 

CAF relay networks with both link adaptive-techniques (i.e., adaptive discrete rate (ADR) M-

QAM and M-PSK) for generalized fading environments (i.e., as long as the MGF of total end-to-

end SNR may be readily available for desired fading channel). In this paper, we significantly 

extend the analysis of CAF relay networks with constant power M-QAM adaptive rate 

transmission in [11] to a more general stochastic fading environment (i.e, [11] presented the 

results for only Rayleigh fading channel). Specifically, we analyze the performance of CAF relay 

networks with both ADR M-QAM and M-PSK modulation for improving the average link 

spectral efficiency, while satisfying a prescribed instantaneous BER performance. More 

importantly, in contrast to [9], [10] and [11], we come up with  a new analytical framework (i.e., 

generalized to wide range of fading environment, once the MGF of end-to-end SNR of a 

particular fading environment is readily available) based on the marginal MGF for evaluating the 

ABER, mean spectral utilization efficiency and outage probability performance metrics. 

Extending the probability density function (PDF) method employed in [9], [10]-[11] to a 

generalized fading channel with i.n.d fading statistics appears intractable or very cumbersome. It 

is also interesting to note that even for the specific case of the Rayleigh fading, our mean spectral 

efficiency performance curves computed (using the MGF shown in (16)) for the ADR M-

QAM/M-PSK scheme are considerably more closer than the closed-form upper and lower bounds 

derived in [11].  

 

ii)Application of our generalized analytical framework to present special case of Rice fading 

channel (Please refer figure 5) 
 

We utilized our proposed flexible/compatible generalized analytical frameworks developed in 

(12) and (13) to present the special case of Rice fading channel. For that we employ the readily 

available closed form MGF of upper and lower bounds of the harmonic mean SNR of two-hop 

CAF relay networks over the Rice fading channel derived from [12, eq. (6)] and applied to our 

developed equations (12) and (13) to compute spectral efficiency and ABER respectively. To the 

best of our knowledge the analysis of CAF relay network in terms of ABER and mean spectral 

efficiency in the Rice fading environment has never been considered in earlier publications. The 

reason being that the evaluation of the above performance metrics require tractable expression for 

the probability density function (PDF), cumulative distribution function (CDF) and/or MGF of 

end-to-end SNR which has been difficult to obtain for the Rice fading channel. It is worth to 

mention that the exact MGF of harmonic mean SNR for the relayed path presented in [13, Eq. (5) 

and Table 1] for the Rice fading channel is not tractable as it involves the integral of the product 

of two infinite series (with Bessel function arguments). Therefore, we first adopt a tractable and 

closed form MGF of upper and lower bounds of harmonic mean SNR over the Rice fading 

environments (similar to [14] for Rayleigh fading). Moreover, for the computation of above 

performance metrics we need to compute the inverse Laplace transform of the closed form MGF 

expression for upper and lower bound derived in [12, eq. (6)].This inversion requires the 

evaluation of the Marcum-Q function (i.e., See (17)) with a complex argument, which is not 

available in the built-in function of the most computing software. So, we overcome this limitation 
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by incorporating a new routine to compute this using a rapidly convergent canonical series 

representation of the Marcum Q-function developed in [12, eq., (10)] to efficiently evaluate the 

mean spectral efficiency, outage probability and ABER performance parameters in case of Rice 

fading channel. 

 

iii)Derived closed form expression for the marginal MGF of end-to-end SNR of CAF relay 

system over an i.n.d Nakagami-m fading channel (please refer section 2.1) 
 

Motivated by the need for closed form solution, we derived closed form expression for the 

marginal MGF of end-to-end SNR of CAF relay system over an i.n.d Nakagami-m fading channel 

by the use of partial fraction, and then employ the resulting expression in direct evaluation of 

performance metrics of CAF relay system. However, it is worth to mention that, the partial 

expansion decomposition is only applicable for integer m (m is the Nakagami fading parameter) 

and more tedious for multiple relay system. Therefore, from computational efficiency 

perspective, it is considerably simpler to program and evaluate the desired ABER, mean spectral 

utilization efficiency and outage probability, using closed form MGF (in conjunction with Fixed-

Talbot method [15]) for non-integer m and high diversity order for any fading environments (i.e., 

since the MGF of total received SNR may be easier to compute or readily available for CAF relay 

networks). 
 

iv)Development of system model by employing approximate MGF for generalized fading 

channel (please refer section 2.2 and Figure 5) 

 

Moreover, in an attempt to further simplify the computation complexity, we also employ the use 

of an “approximate MGF expression” from [16, Eq. (12)] to compute the system performance 

metrics using our generalized analytical framework developed in (12) and (13). It is interesting to 

note that this MGF expression, despite its simplicity, closely approximates the MGF of harmonic 

mean SNR and can handle generalized i.n.d. fading channels and mixed fading environments (i.e., 

see (7)).  

 

v)Application of developed flexible analytical framework to relay position based optimal 

power allocation strategy (Please refer Figure 7 and 8) 

 

Besides, in contrast to [8], [9], [11] and [14]; and for the completeness of the paper, we also 

applied our flexible framework derived in (12) and (13) to investigate the efficacy of node 

placement (i.e., relay position) based optimal power allocation during different transmission 

phases in a link-adaptive CAF relay networks (i.e., complete CSI case since the source-node also 

requires the knowledge of channel gains of all links) to optimize the mean spectral efficiency 

which can have significant impact on system performance. This shows that our developed 

analytical framework can also support/incorporate the analysis of relay node placement based 

optimal power allocation strategy without developing separate dedicated mathematical model. 

The remainder of this paper is organized as follows. In Section 2, the system model is briefly 

discussed. Section 3 derives the performance metrics for CAF relay networks with adaptive M-

QAM/M-PSK modulation. Selected numerical results are presented in Section 4. Our conclusions 

are given in Section 5. In appendixes A and B we present numerical procedure to derive closed 

form marginal MGF from the readily available MGF of upper bound of end-to-end SNR in an 

i.n.d Nakagami-m fading channel. 
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Figure 1:  Link-adaptive cooperative diversity system for ensuring the connectivity and network stability 

needed to support varying quality-of-service requirements. 

 

Table I: Optimized coefficients of approximate BER for M-PSK and M-QAM in AWGN channels 

 
 Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 

M-PSK 2 4 8 16 32 

an

 
1.6214E-1 8.9403E-4 1.0267E-1 7.1904E-2 6.1306E-2 

bn

 
1.0645E+0 2.9904E-1 1.5510E-1 3.9760E-2 1.0160E-2 

cn

 
1.9975E-1 2.8202E-1 1.6718E-1 1.2993E-1 9.7244E-2 

M-QAM 2 4 16 64 256 

an

 
1.6214E-1    8.9403E-4 1.1002E-1 8.2198E-2 6.2349E-2 

bn

 
1.0645E+0 2.9904E-1 1.0541E-1 2.5002E-2 6.1622E-3 

cn

 
1.9975E-1 2.8202E-1 2.1261E-1 1.8771E-1 1.9314E-1 

 

2. SYSTEM MODEL  
 

Link-adaptive cooperative wireless system model is shown in Figure 1. Source node S 

communicates with a destination node D via a direct-link and through N amplify-and-forward 

relays, Ri, ,{1,2,...., }i N∈  in two transmission phases. During Phase I, S transmits signal x to D as 

well as to the relays Ri, where the channel fading coefficients between S and D, S and the  i-th 

relay node Ri; and Ri and D are denoted by ,s d
α , ,s iα and ,i d

α  respectively. During the second phase 

of cooperation, each of the N relays transmits the received signal after amplification via 

orthogonal transmissions (e.g., Time Division Multiple Access (TDMA) in a round-robin fashion 

and/or Frequency Division Multiple Access (FDMA)). Suppose ,i d
P is the transmit power of i-th 

relay node while transmitting its signal to the destination node and
, ,s d s i

P P=  denotes the 

transmitted power at the source node. We also assume that the total transmitted power 

, ,
1

N

s d i d T
i

P P P
=

+ =∑
 

is fixed.  

 

Now consider that the maximum ratio combiner (MRC) is employed at a D to coherently combine 

all the signals received during Phase I and Phase II, the total received SNR at output of the MRC 

detector can be shown to be [17], [18], [29] 

 

, , ( )

, , ,

1 1 1, ,
1

N N N

s i i d HM

s d s d i s d i

i i is i i d

γ γ
γ γ γ γ γ γ

γ γ= = =

= + = + ≤ +
+ +∑ ∑ ∑

           

(1)
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where , ,( )

, ,

s i i dHM

i

s i i d

γ γ
γ

γ γ
=

+
 is the harmonic mean SNR, , ,

, ,
1

s i i d

i

s i i d

γ γ
γ

γ γ
=

+ +
and 

2

, , , 0
/

s i s i s i s
TP Nγ α=  and 

2

, , , 0
/

i d i d i d sTP Nγ α= denote the instantaneous SNR of the source-relay and the relay-destination 

links respectively, while sT  corresponds to the symbol duration. The bound on the right-side of 

(1) is obtained by recognizing that the instantaneous SNR of a two hops path can be accurately 

estimated to be the half harmonic mean of individual link SNRs especially at moderate and high 

SNR regimes [19]. Suppose 
, , ,

, ,
s d s i i d

γ γ γ
 
are i.n.d random variables, it is straight forward to show 

that the MGF of γ  in (1) is given by    

 

,

1

( ) ( ) ( )
N

s d i

i

s s s
γ γγφ φ φ

=

= ∏
                          

(2)

  
 

where 
,

( )
s d

sγφ corresponds to the MGF of SNR of the S-D link while ( )
i

sγφ  denotes the exact MGF 

of  end-to-end SNR for a dual-hop relayed path. However, finding ( )
i

sγφ  for a generalized fading 

environment can be a very daunting task, with existing results limited to only Rayleigh fading 

[20] and Nakagami-m [21] fading environments. Even in such cases, the final expressions are too 

complicated for further manipulations. For example, the exact MGF of SNR for a dual-hop CAF 

with i.n.d Nakagami-m fading statistics derived in [21] involves triple summation terms involving 

k
th
 derivative of a product of Whittaker functions, which is not easily evaluated using a general 

computing platform, besides being restrictive to positive integer values for the fading severity 

index. Other “exact” formulas (i.e., half-harmonic mean bound of the exact end-to-end SNR ( )HM

i
γ

) for the MGF of SNR in a relayed path can be found in [22] (for i.n.d Rayleigh channels), [19] 

(for i.i.d Nakagami-m channels) and [13]. While the MGF-based approach developed in [13] is 

quite interesting and can be applied to a wide range of fading environments, the resulting integral 

expressions are often too complicated to compute and/or time-consuming (due to the need to 

evaluate a nested two-fold integral term with complicated arguments that might include infinite 

series in some cases such as Rice fading). To circumvent the aforementioned difficulties, both 

upper and lower bounds have been proposed and developed for ( )HM

i
γ , viz., [14], [23] 

 
( (( )) )1

2 , , , ,
min( , ) min( , )HMLB UB

i s i i d i i s i i d
γ γ γ γ γ γ γ= ≤ ≤ =                            (3) 

 

Hence approximate performance bounds can be developed by utilizing the bounds for the MGF of 

total received SNR using the inequality in [11], [24] (i.e., see (3)) viz.

   

( ) ( )

. .

1 1

( ) ( ) ( ) ( ) ( )

N N

UB LB

s d s di i
i i

s s s s s
γ γ γγ γ

φ φ φ φ φ
= =

≤ ≤∏ ∏
                        

(4)

  

 

where ( ) ( )UB

i
s

γ
φ  and ( ) ( )( ) ( / 2)LB UB

i i
s s

γ γ
φ φ=  corresponds to the MGFs of

 

( )UB

i
γ  

and ( )LB

i
γ respectively. 

 

2.1 Marginal MGF of End-to-End SNR of CAF Relay System over i.n.d Nakagami-

m Fading Channel 

 
In this section we will derive closed form expression for the marginal MGF of end-to-end SNR of 

CAF relay system over an i.n.d Nakagami-m fading channel by the use of partial fraction (see 

details in Appendices A & B), and then employ the resulting expression in direct evaluation of 

performance metrics of CAF relay system. 
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The MGF for upper bound of ( )UB

i
γ for two-hop relayed path in a Nakagami-m channel with i.n.d 

fading statistics is given by [12] 

 

( )
2 1

{( , ),( , )}

( ) ( )
( ) 1 , ; 1 ;

( ) ( )i

k

UB

m

j j jk k k k
j k k

k s i i d j j j j j j jk k k k k k k k

j k

m m m s m
s F m m m

m m m s m m s m m
γφ

∈

≠

   
   
   
   

Γ + Ω Ω + Ω
= − +

Γ Γ Ω Ω + Ω + Ω Ω Ω + Ω + Ω∑
   

(5) 

 

where [ ]
q q

E γΩ = corresponds to the mean SNR of link q, (.)Γ is the Gamma function and mq is the 

Nakagami-m fading index. 

 

Utilizing (A.4) and (B.4), the closed form marginal MGF for upper bound of γ  in (2) can be 

written as, 

 

( )1

( )

0 0

1

{( , ),( , )}

1 1
( 1) 1 1

( )

,,

( ) 1

( )
( , )

( ) ( )

k
j

s

m rum u
k j j kjUB r

k j k k ju r

js
qpm

s

p
p

s

s

jk

k s i i d jk

j k

m mm u

u rm u m m

mm
G q sG p s

p s
m

m m
s

m m
γ

αα γ

φ γ

− −−

−

= =

=

∈

≠

   Ω Ω− −   
− + +          + Ω Ω       

Ω  
++   Ω   +

 Ω
Γ + 

 

Γ +
= ×

Γ Γ

×

∑ ∑

∑

∑

1

( ) 1

k

k k j

m r
j k

q
q

j k

j k k j

m

q s
m m

γ
+

=

   + Ω
     Ω Ω    
  Ω Ω

Γ +   Ω + Ω   

∑

                    

(6) 

 

where pα  and qα are defined in (A.4) and ( ) 1

0

,

x

p t
G x t e dtν − −= ∫ is the lower incomplete gamma 

function. 

 

2.2 Approximate MGF of SNR in Mixed Fading Channels 

 
Along with the bounding techniques, for further simplicity,  we also employ an “accurate 

approximate MGF” of iγ for two-hop relayed path in (2) which is given by [16, Eq. (12)],  

 

. . . .

( )
( ) ( ) ( ) ( ) ( )

s i i d s i i d

A

i
s s s s s

γ γ γ γγφ φ φ φ φ≈ + −
  

                     (7) 

 

where 
,

( )
a b

s
γ

φ is the MGF of a single channel for link a to b. Above expression allows us to 

simplify the computation complexity of the performance metrics in the CAF relay system under 

generalized fading environments, as it does not give any problem with the inverse 

Fourier/Laplace transformation. It is also interesting to note that, the MGF expression in (7) is 

simple and can readily handle complex and mixed fading channel models. In fact, it is sufficiently 

general over a wide range of fading environments and can be easily evaluated by substituting 

appropriate single channel MGF, which is readily available for various fading environments in 

[25, Table 2.2]. In this paper we also employ above flexible approximate MGF expression in (7) 

to our developed flexible/compatible equations (12) and (13) to easily analyse the spectral 

efficiency and ABER for wide range of fading environments.  

 

2.3 Cumulative Distribution function (CDF) of the CAF Relay Networks. 

 
The knowledge of the CDF of total effective SNR γ of the CAF relay networks is required for the 

evaluation of various performance measures. Since the analytical CDF expression for the CAF 

relay networks is difficult to obtain, the alternative is to compute the CDF from the MGF 
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expression in (2). One of the most efficient frequency inversion method is the Abate’s Fixed-

Talbot method (i.e., multi-precision Laplace transform inversion) [15], viz., 

 

( )
1

( )

1

11

2

( )
( ) ( ) Re{ ( ) }

( )

Z
xsrx k k

X X X k
k

k

r

Z Z

j
F x r e e s

s

θσ θ
φ φ θ

θ

−

=

+
≅ + ∑                                                                    (8)

                                                                                             

 

where 2 /(5 ),r Z x= / ,
k

k Zθ π= ( ) ( cot( ) 1) cot( ),
k k k k k

σ θ θ θ θ θ= + −  ( ) ( cot( )),
k k k

s r jθ θ θ= +  and positive 

integer Z can be chosen to get the desired accuracy. 

 

3. ADAPTIVE MODULATION 

 
3.1 ADR M-QAM/PSK Schemes 

 
Since the relative improvement with variable-rate variable power adaptive modulation over 

constant-transmit-power-variable-rate adaptive modulation scheme in fading channels is only 

marginal [26], in this article we will consider only the latter owing to its reduced implementation 

complexity. In the context of CAF relay network, the destination node only needs to compute and 

convey the information on the total (effective) received SNR to the source node for it to select an 

appropriate transmission rate while keeping the total transmit power , ,

1

N

s d i d T

i

P P P
=

+ =∑  constant. 

However, in order to determine the optimal power assignment among all the nodes in 

cooperation, the source node also requires the knowledge of channel gains between the 

cooperating relays and the destination node.  

 

Generally, it has been observed that a single exponential form cannot give accurate representation 

of erfc function, and we also evaluated that, BER expression with two exponential terms 

approximate well the exact (between the range 10
-1

 and 10
-7

). Moreover, evident from [27, eq. 

(5.2)], the BER expression uses two exponential term, approximate well the exact BERs. This 

approximate expression simplifies the adaptive modulation design, and facilitates the 

performance analysis in cooperative relay network under generalized fading environments. So, 

that in this article we have considered the BER expression with two exponential term.

 

  

 

The BER for M-QAM/PSK modulation, over an additive white Gaussian noise (AWGN) channel 

is given by [27] 

 

exp( ) exp( 2 )
e n n n n

P a b c bγ γ≈ − + −                        
(9) 

 

where, Pe is the target BER for a given channel SNR( γ )  and n is the mode index. Parameters

, ,
n n n

a b and c  in (9) depend on the selection of a particular mode, and are obtained from [27, Table-

5.1].

 

    

 

In ADR M-QAM/PSK system, the range of the effective received SNR is divided into T+1 fading 

regions. When the fading causes the total received SNR to fall into the n-th region (n = 0, 1, …, 

T), the constellation size 
n

M
 

is employed for transmission.  Also, the SNR thresholds for 

partitioning of the total received SNR depends on the target BER level, Pe. 
The region boundary

n
γ

 
is chosen for the corresponding transmission mode n to be the minimum SNR required to 

achieve
e

P , which can be easily shown by inverting (9) and is given by [27]: 
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2

1

41
ln , 1,2,3.......,

2

.

n n n e

nn

T

n

a a c P
n T

b c
γ

γ +

 − + +
 ≈ − =
 
 

= +∞

                      (10) 

3.2 Outage Probability 

 
When the total received SNR falls below the region boundary threshold

1
γ  (i.e.,

 1
γ  is obtained by 

substituting a1, b1 and c1 from Table I in (10)), the source node S ceases transmission because the 

prescribed target BER cannot be satisfied even with the smallest constellation size. The 

probability of such an outage event is given by
1

( )out FP γ γ= , where the CDF term can be evaluated 

efficiently using (8) given that the MGF of γ  is available or alternatively, by setting 0s =  in our 

derived closed form marginal MGF expression in (6). Although note that we have derived a 

closed-form expression of the marginal MGF in (6) for the case of i.n.d Nakagami-m fading 

(positive integer m) from (5), it is very simpler to program and evaluate the desired outage 

probability using (8) (in conjunction with (5)). The latter approach circumvents the need to 

determine the coefficients of partial fractions as in (6) (or evaluate the corresponding higher order 

derivatives of a product term) which becomes cumbersome especially when a large number of 

cooperative relays are being considered. 

 

3.3 Average Normalized Spectral Efficiency 

 
The normalized mean achievable spectral efficiency for ADR M-QAM/PSK is given by the 

weighted sum of the data rates in each of the partitioned regions [11], viz.,  

 

1

1

1

T

adr

n

n

R
np

B N =

=
+ ∑                         

(11) 

 

where
n

p denotes the transmission mode selection probability (i.e., probability that the total 

received SNR falls in the n-th partition region):  

 

        

1

1
( ) ( ) ( )

n

n n n

n

p f d F F

γ

γ γ γ

γ

γ γ γ γ
+

+
= = −∫

                                    

(12) 
  

                                            
 

3.4 Average Bit Error Rate of ADR M-QAM/M-PSK 

 
The ABER of ADR M-QAM/PSK can be calculated as the ratio of average number of error bits 

per transmission divided by the average number of bits per transmission [26], viz.,  

 

              

1

1
1

,
( ) ( )

T

n
n

adr T

n n
n

n BER
ABER

n F Fγ γγ γ

=

+
=

=
 − 

∑
∑

                      

(13) 

where 

     
{ }

1

1 1

exp( ) exp( 2 ) ( )

( , ) ( , ) (2 , ) (2 , )

n

n n n n n

n

n n n n n nn nn n

BER a b c b f d

a cb b b b

γ

γ

γ

γ γ γ γ

γ γ γ γ

φ γ φ γ φ γ φ γ

+

+ +

= − + −

   = +   − −

∫                     (14) 
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and the term ( )( , ) e f d
βγ

γ
α

γ γ γφ β α
∞

−= ∫  in (14) denotes the marginal MGF of total received SNR. Note 

that as we explained in section 3.2, the closed-form formula for ( , )γφ β α in (14) is readily 

available in (6) for single relay i.n.d Rayleigh and Nakagami fading channel. However, the closed 

form marginal MGF for higher number of relays remains intractable. Even for the case of single 

2-hop CAF relay system with the Rice fading channel, solution is not available. Therefore, in this 

article, we creatively circumvent this problem by expressing the marginal MGF of any fading 

statistics as a difference of two “CDF” terms of an auxiliary function in conjunction with (8) as 

detailed in [12, Appendix C], viz.,        

   

1 1ˆ ˆ ˆ ˆ
( ) ( ) ( ) ( )

n n n n n n na a b b
BER a F F c F F

γ γ γ γ
γ γ γ γ

+ +
   = − + −        

                 (15) 

 

where ˆ
( )

a
F x

γ and ˆ
( )

b
F x

γ  in (15) can be evaluated efficiently via (8), but using the “MGF” 

formulas of  auxiliary functions (i.e., ( ) ( )
na

s s bγ γφ φ= + and ( ) ( 2 )
nb

s s bγ γφ φ= + ). Moreover, it is 

important to note that the above approach is generalized to any fading environment and not 

restricted to specific number of cooperative relays, as long as the overall MGF of the fading 

environment is readily available. (For, example here we presented results for the Rayleigh, Rice 

and the Nakagami-m fading channels, computed using our generalized analytical framework). 
 

4. NUMERICAL RESULTS 
 

In this section, selected numerical results are provided for the outage probability, normalized 

mean achievable spectral efficiency, and ABER performance metrics of CAF relay networks with 

adaptive M-QAM/M-PSK transmission in generalized fading environments. The following mean 

link SNRs (arbitrarily chosen) will be used to generate the plots, unless stated otherwise: 
,1s

Ω  = 

Es/N0, ,2s
Ω = 0.5Es/N0, 1,d

Ω = 0.5Es/N0, 2 ,d
Ω = Es/N0, and 

,s d
Ω = 0.2Es/N0.We have considered 

following three cases, for the values of fading severity index on different wireless links, when 

evaluating the performance of CAF relay networks in fading environment with i.n.d fading 

statistics. (Note: 
,a b

m denotes the fading severity index of link a-b): 
 

,1 ,2 ,1 ,21, 2, , 1, 2, ,
Case 1: 1;Case 2: 4, 4, 2, 2, 1;Case 3:

s s s sd d s d d d s d
m m m m m m m m m m= = = = = = = = = =

 
,1 ,2 1, 2, ,

 .2, 2, 4, 4, 1
s s d d s d

m m m m m= = = = =
 

 

 
 

Figure 2: Outage probability of CAF network with two cooperating relays in an i.i.d Nakagami-m fading 

channel
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Figure 2 depicts the probability of outage for CAF relay network with two cooperating relays in 

an i.i.d Nakagami-m fading channel evaluated, using [19] ( )

2 1
( )

1
,2 ; ;

2 4

HM

i
Fs

s
m m m

mγ
φ =

Ω + − 
 

(in 

conjunction with (8)). Figure 2 also reveals that the outage performance for the curve with m = 3 

are considerably better than m = 0.5 and m = 1 (i.e., for the special case of Rayleigh fading), as 

anticipated. This is because for a fixed set of mean channel SNRs, better link conditions (i.e., 

higher fading severity index) translate into lower probability of outage. But the asymptotic 

“diversity gain” (i.e., slope of the curve) appears to be independent of the target BER, as 

anticipated.  
 

Figure 3 illustrates ABER performance curves for a CAF relay network in an i.n.d Nakagami-m 

fading environment, with ADR M-PSK at target BER of 10
-3

. Figure 3 also reveals that the 

performance of Case 2 and Case 3 are considerably better than Case 1 (i.e., special case of 

Rayleigh fading). This is because for a fixed set of mean channel SNRs, better link conditions 

(i.e., higher fading severity index) translate into lower ABER. 
 

 
 

Figure 3: ABER performance curves for adaptive M-PSK in an i.n.d. Nakagami-m fading channel with two 

cooperative relays (“for 
( )UB

γ
φ  case”) 

 

 
 

Figure 4: Mean achievable rates for ADR M-PSK in an i.n.d Nakagami-m fading environment with two 

cooperative relays 
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The parameters used to generate Figure 4 are identical to that of Figure 3. It is evident from 

Figure 4 that by increasing the number of transmission-rate modes in ADR M-PSK directly 

translates into improved spectral efficiency. However, this improvement is achieved at the 

expense of increased ABER (see Figure 3). Monte-Carlo results are also given, which shows a 

good agreement with the curve corresponding to the “Harmonic Mean, (i.e.,
( )HM

γ
φ )” case, as 

anticipated (i.e., generated using [22],  
 

2

, ,( ) 2 2

, , , , 3

, , , ,

2 1 1
( ) (1/ 1/ ) (1/ 1/ ) / ln

4

s i i dHM

s i i d s i i d
i

s i i d s i i d

s
s s s

γ
φ

   Ω Ω
  = Ω − Ω + Ω + Ω ∆ + + ∆ + +     ∆ Ω Ω Ω Ω  

               (16)

    

      

 

where
, ,

[ ]
a b a b

E γΩ = corresponds to the mean link SNR and 2 2

, , , ,
(1/ 1/ ) 2 (1/ 1/ )

s i i d s i i d
s s∆ = Ω − Ω + Ω + Ω + ).  

Although authors in [11] have considered the mean spectral efficiency of CAF relay networks in 

i.n.d Rayleigh fading environments, but their framework does not lend itself to the analysis of the 

“Harmonic Mean” case or generalized to other fading channels, where as our generalized 

analytical framework encapsulates all these cases in a unified way (i.e., see Figure 4. for i.n.d 

Nakagami-m along with special case (i.e., case 1) for Rayleigh fading and Figure 5 for Rice 

fading channel). 

 

 
 

Figure 5: Mean achievable rates for ADR M-QAM in an i.n.d Rice fading environment with one 

cooperative relay 

 

Figure 5 depicts the mean achievable spectral efficiency curves for a CAF relay network in an 

i.n.d Rice fading environment with ADR M-QAM at target BER of 10
-3

.  Curves with 
( )UB

γ
φ can be 

generated using [12]  
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in conjunction with (2), while the MGF for the lower bound may be computed as
( ) ( )

( ) ( / 2).
LB UB

i i
s s

γ γ
φ φ=   

In (17), 1 ,
i i i

A K= + Ω  
2

02 2 22

2 2
2

22( )2
1

[ , , , ] ,
( ) ( ) ( )( )

,

c b d
c

d ad
d ac a abc

I a b c d e Q b e I
d d a d d a d ad d a

−

+
   
 = −   + + ++     

 

Kk is the Rice fading parameter, 
0
(.)I is the zero order modified Bessel function and (.,.)Q is the 

first order Marcum Q-function and can be evaluated using [12, eq., (10)]  

 

2

0

( , )
( 2 , ) 1

! ( )

k a b

u

k

G u ka e
Q a b

k u k

−∞

=

+
= −

Γ +
∑

                      

(18) 

 

where (.,.)G is the lower incomplete gamma function, which is defined  by 
1

0
( , )

x
a tG a x t e dt− −= ∫ .  

 

As expected, as the fading index increases, the spectral efficiency increases. We also noticed that 

the curve corresponding to Approximate MGF (i.e.,
( )A

γ
φ ) method is very close to the Monte-Carlo 

simulation. Therefore, introducing this novel technique based on “approximate MGF” allows us 

to simplify the computation complexity of achievable spectral efficiency; outage probability as 

well as ABER of CAF relay system in generalized fading environments by simply replacing 

appropriate single channel MGF as readily available in [25, Table 2.2]. To the best of our 

knowledge, a similar study that incorporates M-QAM/M-PSK modulation for CAF relay 

networks in the Rice fading environment has never been undertaken previously in the literature.  

The main reason is that, the evaluation of mean spectral efficiency, ABER and outage probability 

require a tractable expression for the PDF, CDF and/or MGF of end-to-end SNR, which has been 

difficult to obtain for the Rice fading channel. It is worth to mention that the exact MGF of 

harmonic mean SNR for the relayed path presented in [13, Eq. (5) and Table 1] for the Rice 

fading channel is not tractable as it involves the integral of the product of two infinite series (with 

Bessel function arguments).  

 

 

Figure 6: Transmit power assignment, 
1

δ  of a CAF network consisting of 1 relay (N=1) as a 

function of position of relay (i.e., ratio of distances,
, ,s r s d

d d ) in an i.n.d Nakagami-m channels 

(“for 
( )UB

γ
φ  case”) 
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Node Placement based Optical Power Allocation 

 
We have assumed following mean link SNRs between different links (source-relay, relay-

destination and source-destination) to generate Figures  6-8 (which take into account the relative 

distances between the cooperating nodes and for each node 
q

Ω  is given by: ( ),

Lp

q q s d q T o
d d c E Nδ

−

Ω =  

where q∈{(s,d), (s,i), (i,d)}, c is a constant that is related to the carrier wavelength (i.e., 
2( / 4 )c λ π=

 

for free space path loss),
pL is the path loss exponent,  and ,a b

d  denotes the  distance 

between links a – b. For N=1,
, ,1, Ts i s is d

P Pδ δ δ= = =  and 
2 11,

1 .
d

δ δ δ= = −  For N=2, 

2, 3 1 2
1 ( ).

d
δ δ δ δ= = − + Values c=10

-1 
and 

pL = 4 have been chosen to generate the plots. 

Figure 6 shows the transmit power assignment, 1
δ  at an optimum value of spectral efficiency, as a 

function of distance ratio (i.e., relay position with respect to source and destination) of a 

cooperative relay network consisting of 1 relay (N=1) using M-QAM 5 modes under the 

Nakagami-m fading channels. From the Figure we notice that the power assignment during 

different links strongly depends on the position of the relays. Additionally, with the plot 

corresponding to m = 1 and m = 3, we observe that; the effect of fade distribution is very small on 

power allocation, compared to the node placement.  

 
 

Figure 7:  Comparison between average spectral efficiencies of CAF relay network with the optimal and the 

equal power allocation strategies in an i.n.d Nakagami-m fading channels 

 

Figure 7 shows the comparison between average spectral efficiencies of the optimal and the equal 

power allocation strategies with one relay diversity in i.n.d Nakagami-m fading environment 

using 5 modes adaptive M-QAM. To generate Figure 7, we have arbitrarily chosen normalized 

distances with respect to
,s d

d : 
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0.3
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d =
 
and 

1,
0.7.

d
d =  Moreover, the fading severity index for the 

wireless links are assumed to be 
,

3,
s d

m =
,1

3
s

m =
 
and 

1,
3.

d
m =

 
As shown in Figure 6, for this relay 

position the optimum power allocation factor are ( )21
0.11, 0.89 .δ δ= =  From Figure 7, we noticed 

that, the spectral efficiency with approximate MGF 
( )A

γ
φ is in good agreement with the curve 
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corresponding to 
( )UB

γ
φ case. Moreover, we observe that the mean spectral efficiency of ADR with 

optimal power assignment among collaborating nodes is comparatively higher than that of the 

equal power allocation strategy. However, it should be recognized that this improvement is 

attained with complete CSI (i.e., the knowledge of channel gain of all links) compared to the 

limited CSI (i.e., only the knowledge of the total received SNR is needed at the source node) with 

the latter scheme. 

 

 
Figure 8: Contour plot for average spectral efficiency (using ( ) ( )A

γ
φ ⋅ ) as a function of  

1
δ  and 

2
δ consisting 

of two relays (N=2) in the Rice fading channel with K=3. 

 

In Figure 8 the contour plot is used to determine the optimum values of 
1

δ  and 
2

δ  for N = 2, that 

maximizes the average spectral efficiency at ET/No = 25 dB using 3 modes adaptive M-QAM. The 

optimum values are normally found in the least dense lines/curves. To generate Figure 8, we have 

arbitrarily chosen normalized distances
,1

0.2,
s

d =
1,

0.8,
d

d =
,2

0.7,
s

d =
2,

0.3
d

d = and the Rice fading 

parameters K=3 on each links. We observe that the multiple optimum values of 
1

δ and
2

δ

respective pair, {(0.5, 0.4), (0.6, 0.3), (0.7, 0.2)} give the same spectral efficiency of 1.26. 

 

Comparatively, the spectral efficiency with the equal power allocation (i.e.,
1 2

1/ 3δ δ= =  shown by 

solid line across the axis) is 1.11, which is lower compared to value, 1.26 for the optimum power 

allocation. This shows that the choice of the relay location is very important in optimum power 

allocation. To the best of our knowledge analysis on relay position based optimal power 

allocation with Rice fading channel has not been presented in earlier publications. 
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5. CONCLUSIONS 
 
In this paper, we analyzed the performance of Channel Side Information assisted Cooperative 

Amplified and Forward (CAF) relay networks that employ both the node placement based 

optimal power allocation strategy among collaborating nodes and adaptive M-QAM/M-PSK 

technique in the generalized wireless fading environments. In particular, we advocate a simple yet 

unified numerical approach based on the marginal MGF of the total received SNR and derived 

analytical expressions for the ABER, mean achievable spectral efficiency, and outage probability 

performance metrics. The significant advantage of this proposed framework is, it sufficiently 

general to characterize the performance of adaptive-link CAF relay networks over a wide range of 

fading distributions (i.e., it is not only restricted to Rayleigh fading or i.i.d Nakagami fading but 

also support rice as well as mixed fading channels) with independent but non-identically 

distributed (i.n.d) fading statistics across the spatially distributed diversity paths. Moreover, to 

prove the generality/flexibility of this proposed work, we applied this flexible mathematical 

framework to present the spectral efficiency analysis of Rice fading channel along with optimal 

power allocation strategy in a simpler way. Additionally, in an attempt to further simplify the 

computation complexity, we also employ the use of an “approximate MGF expression” to 

compute the system performance metrics over the generalized fading channel by utilizing our 

mathematical framework. Employing the above novel approach based on “approximate MGF” 

allows us to simplify the computation complexity of achievable spectral efficiency as well as 

ABER of CAF relay system in the generalized fading environments by simply replacing 

appropriate single channel MGF as readily available. Numerical results reveal that the optimal 

transmit power allocation among cooperative nodes in a practical CAF relay topologies could 

lead to a further substantial increase in the mean spectral efficiency compared to the equal power 

assignment case but at the expense of higher network overhead. In summary, our derived 

analytical framework is very flexible to incorporate wide range of fading channels. Also, it is 

compatible with MGF of upper/lower bounds, Approximate MGF and tight bound over wide 

range of fading channels and can be used to derive analysis of mixed fading channel as well.  

 

More importantly it can be easily incorporated to support the analysis for optimal power 

allocation and relay placement based power allocation strategies.  

 

APPENDIX A 

 
In this appendix, we will derive the decomposition of closed form MGF for upper bound of γ  in  

(2). For instance the MGF for upper bound of ( )UB

i
γ  for two-hops relayed path with i.n.d statistics 

can be expressed as [12]  

 

( )
2 1

{( , ),( , )}

( ) ( )
( ) 1 , ; 1 ;

( ) ( )i

k

UB

m

j j jk k k k
j k k

k s i i d j j j j j j jk k k k k k k k

j k

m m m s m
s F m m m

m m m s m m s m m
γφ

∈

≠

   
   
   
   

Γ + Ω Ω + Ω
= − +

Γ Γ Ω Ω + Ω + Ω Ω Ω + Ω + Ω∑

  

   (A.1)  

 

where 2F1(a, b; c; z) is gauss hypergeometric function. Using the identity

( )
0

2 1

( )
( 1) ;

( )
, ; ;

U
u uu

u u

U b
V

u c
F U b c V

−

=

= −
 

−  
 

∑  where U is integer and ( )
( )

( )
u

a u
b

a

Γ +
=

Γ
is pochhammer symbol, 

(A.1) can be rewritten for special case of integer m as 
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(A.2) 

Multiplying MGF of SNR of the source to destination link 
.
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i

UB sγφ  in (A.2), we can write MGF for upper bound of γ as, 
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Using partial fractions (A.3) can be rewritten as, 
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APPENDIX B 

 
In order to derive the corresponding marginal MGF of the MGF expression in (A.4), we define a 

generic MGF function as     

 

( , , ) (1 ) kF a k s as −= +
      

                                                      (B.1) 

 

where s is the Laplace variable. 

 

Taking the inverse Laplace transform of (B.1) we can easily obtain the PDF given by  
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Therefore the marginal MGF expression is given by    
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Utilizing identity in [28, eq. (3.351.1.8)], (B.3) can be written as, 
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where ( ) 1
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is lower incomplete gamma function. 
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